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Analytical solutions for the Kelvin-Helmholtz instability problem for a semi-infinite heterogeneous inviscid
incompressible fluid with exponentially decreasing with the height density and a continuously variable as a linear
function of height streaming velocity. Whittaker function zeros and other Whittaker function operator solutions.

Consider a semi-infinite layer of a heterogeneous inviscid incompressible fluid with exponentially decreasing density
— -pz
=p,€
P=Po (z >=0 is the height in the layer), so that in the unperturbed state the fluid has a horizontal streaming
Uu=U,z/d
velocity 0 continuously variable as a linear function of the height (z>=0) where
pO ’ B ’ d ’ UO . . ..
are constants, the first three being positive.
We consider small perturbations of the initial state given by actual density, velocity components and pressure at any
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) . R"XIR . . R - p+ép) ‘
point (X,y,z) in + and any moment of time t in =~ * , respective p*dplix,y.z,t] s

Utu,v,wx,y,z, tland(p+dplix,y, 2, t] where 80.U,V, W, are the small perturbations.

Then at first order (according [1]) the equations governing the perturbation are :
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(where g is the gravitational acceleration), derived from the motions equations,
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ot 0 X 0z , derived from the continuity equation and
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, the incompressibility condition.
Analysing the disturbance into normal modes we seek solutions of eq. (1)-(5) whose dependence on x,y,t is given by

expli(k x+k y+nt)) 6]
k. ,kyeIR

where are the wave numbers and [T€C denotes the angular frequency.

~
It is obvious that if MER or IN=0 e corresponding modes are stable, remaining small as t increases to infinity.
For such solutions, equations (1)-(5) become

ip(n+I<XU)u+p(D Ulw=-ik ép (7)
ip(n+k U)v=-ik, op  (8)

ip(n+k Uyw=-) ép-gép  (9)
i(n+k U)sp=—wD p  (10)
i(ku+k,v) =—Dw (11)

where D denotes d/dz.
Multiplying eq. (7) and (8) by -ik and -ik, respectively, adding and using eq. (11) we obtain
ip(n+k, U)D w—ipk (D Uw=-k*sp (12)

2_ L2, 12
where k _kX+ky
Combining eq. (9) and (1 0) we have
ip(n+k U)w=- D sp-ig(D p)—— k m

Eliminating 0P between (12) and (13) we obtain
D (p(n+k, U)D w—pk (D U)w}-k*p(n+k U)w=

=gk (D p)—— (4]

The solution must satisfy the boundary conditions

(13)
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w=0 at z=0 and Zz-®
Equation (14) can be written as

ek ID -k D v D s
+%[(n+kXU)D w-k (D Uw]=0 (15)

k =k(U, appears in (15) only as k, U,

X

+

Without loss of generality we can assume that and so,
measuring z in the unit d and taking

n=U,vld ,k=x«l/d , = Ald and J=gpd’/U;

, J being the non-dimensional Richardson number, equation
(15) can be rewritten as

(V+Kz)2{D2W—)LD WH[- K+ AK ©J wi=0  (16)
VHKZ (v+kZ)

with the boundary conditions W =0 for z=0 and z-
By change of variables

_Azl2 _ Y
w=e"""W and C_(Z"' vl K) 4K +A equation (16) becomes

1
2 , ——Mm
e e L Y
dc 4 & ¢
or L W=0
_ A 2 1
where j—mE(o , 1) and m*= _j<Z
1 2
d> 1 j 4
7= ——+=+
Note that d CZ 4t CZ is the Whittaker function operator.

The solution for W requires therefore (17) to be satisfied with boundary conditions

W(pha+iiizo (17

weexp (A —— G- FW=0  (17%]

2 4K+ )} &

1 C—%:Z-)OO

for V418+A,2

According [2], solutions of equation ZW=0 are linear combinations of Whittaker functions
. T |
W, ,(z)and W_; . (-z) where for j , meC with j+§—m¢{0 ,—1,-2,..]

-1

-1 (0+) ___1+ '_l+m
—Lr(jeiomer’ 2 [ (-t)” 2’"(1+§)’ e tdt (18)

Jom= ) 2
where arg z has it’s principal value and the contour from " en-cycling 0+ directly and back to " is chosen so that
t
g (—t) < arg (1+—)
t=—=2Z is outside of it and let be taken 8 — " and also the value of which tends to zero as t

tends to zero by a path lying inside the contour.

j+%—me{0 ,—1,-2,...] because iR(j—%—m)SO

If we can take
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j Fa. ——+ -1,
W, .= ft R —)’ Metdt (19)
- _ m 0
(2 J*
W . _(z)isdefined forall ZeC\R_
and so I
= (1 1 ‘
i _12[ > Stm=l|.|S+m=l+p=1] |
—,2 p=1 p
M, ’m(z) € 1+ p!(2m+1)...[2m+p| ‘ J 20]
For
meC and 2M¢ Z and larg z|<3 L
according [2], it can be sh())wn that if ( ) then
r(-2m r(2m
W, (2=, (22T, ()
r(Xom-n r(Lem-1)
I,m:Wl,—m (22)

and therefore

if m=si with S€ER” and /€R we have
r(-2m) _| T(2m)

1 1

r(=—m-I) |T(=+m-I

Lomen) [ridem-i)

arg Z'=—arg z (for2meZ , [€R wehave (W, .(z)]'=W, .(Z') (23]

and so if we take I',m

m’eR”, 2m¢Z and I€R also W, ,(z) isreal

It follows that for real z , if

. p —_
/™M also satisfies equation ZW=0 and we have, according [2] ,the Kummer second formula :

M, m(z):sz(1+ - =l ) for2mecC\z  (24)
: 2°Pp!(m+1)...(m+p)
M, ,and W, _ formafundamental system of solutions foreq. /" W =0

w z)and W~ z) wh Z|<m— ith >0
Asymptotic expansions for ”m( ) an ”m( ) when larg z|<7-a with a>

From relation (18) , because obviously we can derivate under the integral sign, it is easy to obtain a relation for the

derivative jam Z) and how is shown in [2] we can prove (by induction method) that
* AA=1)...(A—n+1) t"

(1+£) PP S S ( )...( * )t—+Rn(t , Z)

z 1! z n! z"

where
tiz
AMA=1)...(A—n g

R,(t , 2z)= (A=1)...{ ) fu (1+u) " 'du

n!



If |arg z|<m—a, a>0 and |z|>1 it s easy to prove that

1< 1+£‘sl+\t|
V4
1+§ >sin () and therefore
A(A=1)..(A=n) ‘”Z‘
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Integrating term by term in the expressions for

A
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follows the asymptotic behaviour for
W, .(z)and W', (z)when |z|*» ,|arg z|<7—a with a>0

-1

W, .(z)=e?* Z'(1+0(z"")) and
-1,
W'y n(z)==te? 2 (1+0(z)

where we have considered that
(0+) 1
iy

Lt etdt e
2l r(l+2-m)

—l——+m+n+1

when n is sufficiently large for that
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eftO(zfnfl)dt:

Some solutions are given by functions which satisfy the Whittaker equation ZW=0 , the boundary condition at

infinity (17**) and the dispersion relation between the wave number and the angular velocity is given by (17*).

Considering the asymptotic behaviour , such solutions are given by multiples of the Whittaker function

J»m and the dispersion relation comes from the zeros of the Whittaker function.

J and %—mz being real

We will show that in the considered situation, namely the Whittaker function has only

real zeros and therefore the corresponding modes of perturbation if exist, are stable modes.

Let W=W, . Supposethat W(z,)=0, Z;=X,+iy,, y,#0
C\R_ (W isholomorphicon C\R_ )

Because the zeros of W are isolated points in
X,= max (XeR|W (X , y,)=0]
Let
W=p+iq

we can chose



p , q satisfy Cauchy-Riemann
op_0q op_-2q
oxX o0y’ oy ox
and W"=—QW , the Whittaker equation which leads to:

o 2. 2 o~ 2 2
axoy Prallx. yl=3Q(p+qi(x, y)
Let B

h=p*+ q2 U=X+Y ,V=X—Y
h(u,v)=h drv U=V and we have
i:iJ,i
0X ou ov
0 _0 _ 0
oy ou ov
o’ o &
X0y o’ v
We have
6h o°h
-=30h
ou> ov Q

Consider a cone with top at arbitrary
(U, , v,)€R’\D and height € where

u+v .u-v

D={(u, v)eIR| +]

eC\R_|

B=B(u,, v,, e):{(u ,V)ED|USU €, U+V<UMAV, , V—-U>V—U,]

Therefore

2 2
J‘ %SOhdvdu: 1.0 |[eh 1o ohy|_ ohoh dvdu=
ou B 2oullou 2 ou|\ov av auav
@ * 1[eh| ohoh
= v+ v,———v,do=
2 ov ou v

ohV [ahV 1 t(oh oh)
= % +a—v (U —€ V)dV'l‘ﬁJ« E—av (VO+U0 V,V)dV+

6h ah
2ff ATy (v+u,—v,, v)dv=0

and we conclude , because B is an arbitrary chosen cone in the domain and h is positive, that
SO%(U V)>0 forany (U, v)eD  (25)

which is equivalent to

~ (6_h+ﬂ (x,y)=0 forany x+iy €C\R_ (26)
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It is easy to see that
30Q(x , y)=3Q(x , —y) and that according (23 )
h(x , y)=h(x , —y) so that from (26 ) follows

SQ(%—?—Q (x , y)=0 forany x+iy€C\R_ (27)
(26) and (27) lead to
SQ%(X , ¥ =0 forany x+iyeC \IR_ (28]
From
2
9P - %Qp+30q
0x
62
—qz=—30p—iROq
0X

which follows from the Whittaker equation, taking
[_D(S)ZP(X0+S > yo) and C_I(S)ZQ(XO+S > yo)

multiplying the first and second equation by q respectively by -p and adding them, we obtain
(P'g-q'p)(s)=(p +q)(s)3Q(xy*s .y, (29)

Inogegrating (29) after s from O to infinity, considering the asymptotic behaviour of W and W’, we have

J (B7+a°)(s)30(x,+s , y,Jds=0  (30)

0
Because the equation in x variable

3Q ( XY 0): 0 is polynomial of second degree, from (30) follows that we can consider
X,= max [XER|x>X,, IQ(x , y,J=0] (31)

so that 3Q( ., y¥,) changessign at X=X,

From ( 28 ) follows now that %( ., ¥,) changes sign at Xx=Xx, and so

oh

W()Q ’ yo)zo (32)
Taking now
plsi=p|[x,+s,y,| and q(s)=q(x,+s ,y,),

from (32) , considering the Cauchy-Riemann equations satisfied by p and q we obtain

(p'i]—(_]'[_))(O):O and so , as above we have existing
X,= max [X€R|x>X,, 3Q(x , y,]

, but this contradicts the choosing of X according (31)

yo=0

and the zeros of the Whittaker function must be real.

Y,#0 Z,in C\R_

Therefore
Note that the condition

JQ( .,

Q ( yO) a second degree polynomial.
For the following we mention

1. Sturm separation theorem

plays a role in placing and making
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Suppose that y; and y, are a fundamental pair of solutions (and hence are linearly independent) of the equation

y” + qy = 0 where q is a continuous function , on a interval I. Then :
i) The zeros of non-trivial solutions of equation y”’ + qy = 0 are isolated
ii) If x; < x, are two consecutive zeros of y; then y has exactly one zero in ( x;, x> )
2. Sturm comparison theorem
Let y, and y, be non-trivial solutions of equations
y’+qy=0 and y” + g,y = 0 where q; and g, are continuous on a interval I, such that q; <= g,
Then between two consecutive zeros x; and X, of yi, there exists at least one zero of y, unless
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Qi =q2on(xi,Xz).

The zeros of W L.

Zeros of W - the case m”>0

Because W, =W,  we cantake m>0 and because m2=%—j , />0

m

1
we have m <§

W, , and M, _ arereal functions, solutionson R,
of the equation W "+Q W =0

Also we have

xj(1+(%+m— j)g(x)) where for j(0, 1), m>0

g is a power series with positive coefficients , with

g(0)=0 and so g is astrictly increasing function on R,
Therefore
M; ., has at most one zero on R, ;it has one zero if
1 . o1 .
§+m—j<0 and none if §+m —J=0
According to Sturm separation theorem W has at most one zero if
1 . 1 ,
—+m—j>0 —+m-—j<0
2 and at most two zeros if
The zeros of W IL

Zeros of W - the case m°<0 , m=is , seR

Again, because W; =W, _, we cantake $>0
Consider the Sturm comparison theorem for
-1 /1 2y 1 -1 j 1 2 1
q=—+(-——m')= g =—+L+(=——m’)—
1 4 ( 4 ) XZ qz 4 X ( 4 ) X2

ylzmMo,m(X) ’ yZZWj,m(X)On X>0

We observe that according Kummer’s second formula ( see [2]) we have for x>0
1

25RM0 ) m(X):XE(eism(X)+e_iSln(X))+

00

1
2 isin(x 1 -2isIn(x) 1

+X2 X2pesl() +e25 _
; 2°°pl(m+1)...(m+p) 2P pl((m+1)...(m+p))

we take X, ¥ 0 with Sln(Xn):—(n+l)Jr

2 n= o

and it follows for that we have

S

2
8(1+S ) and therefore
RM, .(x,,)<0and RM (x,,, )>0 fornsufficiently large

S Nojuo

2RM, ,=(—1)""x

2n+1)

X, and X RM
Thus, when between =~ 2" 2n+1 exists at least one zero of

comparison theorem, W has an at least countable infinite decreasing sequence of zeros.

n 0, m

and concluding with the
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1
J>=, m°<0 B
From these results it follows that, when there exists for each wave number an infinite

countable set of distinct real characteristic values for the angular velocity n corresponding to stable oscillatory modes,

1
J<=, m?*s0
and when for each wave number one or two real characteristic values corresponding to stable
oscillatory modes may exist. Therefore the solution for the characteristic value problem does not lead to a complete set

: . 1
ZW=0 if J<—
of proper values and proper functions derived from the equation 4 .

Erw=0

To get a complete set of proper functions we must consider other solutions of equation which must also

w(z)=0 for z=0 and w(z)=0 for z>
EZW=0

satisfy

Therefore we will seek for solutions W which satisfy in the sense of distributions.

| arg §|<3—ﬂ and 2mg¢zZ , W, (&) M. ()
When 2 can be defined by (21) where ~ */> 7 is defined by
(20).

Let

W(§): Mjm(é) for é‘<0

W, (&) for £>0

~

E o0
For any arbitrary test function peCy (lR) we have, with w

(E2W ., g)=[(£9) Wde+[ £OWpdE  (33)

R R

as distribution :

2 1
m<—
For 4 it is easy to verify that

and that for £#0 we have VNV”+QV~V:0

2 p 77 — .
Hence integrating by parts in (33) it follows that &rw, ¢) =0 forany test function ¢

CL(W+AW, ,)=0

For the same reason

as a distributions equality.
E<0 of W, M

Thus for any non-zero moo.m

W; nM,; ,, areisolated points in R”

(note that the zeros of J

(W+AW; ,)(&)=0

being zeros of a holomorphic function ) we can take A€IR™  such that

. . . + .
Moreover, if m is real (i.e. m* > 0 , and we can take m >0) we have that W+A W! ,m
is not identical zero for real non-zero A, because from the definitions follows :
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.| r(2m
limjz® AW, ,(z)=|A 1( ) L
10 _ “lim
F(Tm J) limz 2 "W(z)=0
and z10
and we have the non-trivial solution W=W+A Wj > m
k=%
which for the wave number and

n=U,~ with v=(,—~— | <0

'd [4 2,42
arbitrary angular velocity 4 +h gives the stable oscillatory mode
AZ
_, 2 ( 2 2) ilkx+nt)
= +zv +
w=e "W CO zV4K +XT)e which satisfies obviously the required boundary conditions at

zero and infinity (because of the choice of A and the asymptotic behaviour of the Whittaker function).

We observe that passes all the strictly negative numbers without several isolated zeros how we noticed above

and therefore the characteristic values to the corresponding modes form reunions of real continua and the conclusion
is that for all Richardson numbers J an initial small perturbation becomes becomes a sum of oscillatory terms (derived
from the solutions of 2 W=0 ) which necessarily exists if J>1/4 and a term corresponding to the real continua,
which is necessarily non-trivial if J<1/4 and these perturbations remain small as time increases to infinity.

That was also the conclusion in [1]
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