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Feynman amplitudes and lattice gauge theory

We consider, (by suitable choosing of length, time and charge units) that the reduced
Planck constant and the speed of light in vacuum constant are equal to 1.
h=1,c=1
For a quantum field system described by field operator functions
p=9(t,Xx) (x=(t,X)=(x,),—q3 space-time coordinates ) in the Minkowski
space with signature (+,-,-,-), n= ( n“ﬁ )a p=0.3 Minkowski metric coefficients
and a Lagrangian density
Z=2(p,09) with g=(g,),

. the action is

S((p):f Z(@,0¢)d* x and we can have S(qo):f %@,M,jmj—V(qo) d*x

where M, ; is a differential operator and we use Einstein summation convention.
We can make a discretization of the quantum field in the form

q(t):(qk(t»kzmz(‘l)(t’anvanZ’an3))n1,n2,n3ez

The momentum field operator function is
/(.\

(0, )
p(t)=(x(t,an,,an,,an,)),, ,, ez of adiscretized phase space evolution

(p(t),q(t)) with a Hamiltonian operator given by the discretized correspondent
of the expression

H(t)=] (#(t,X)0,p(t, %)-Z (§,09)(t,X))d*X which we denote

H=H(p.q).
As we know, (see Chap. Quantum statistical ensemble) for any observable A = A(t)
for the expectation value (A),=tr(pA) (p the density operator ) we have an
evolution equation

%<A>t:i<[ltl,A]>t+<aoA>t ((H,A]=HA—-AH the commutator )

Since P, g not depend explicitly on time we can consider evolution equations for
P , G observables functions A(p) , A(G) like
d

. D . d , T N
L Ap)e)=i[A,ABE) ; LA@)(t)=ilA, A@)](t)
andso A(p), A(Q) evolve like
A(q)(t)=exp(iHt)A(q)(0)exp(—iHt) ;
A(p)(t)=exp(iHt)A(p)(0)exp(—-iHt)
Therefore in the continuum limit of the discretization (@-0) we have an evolution
of operators : R R
Al#)(t)=expli Ht) A(7)(0)exp(~iAit) )
Given the final and initial states @,=@:(X) , ¢,=¢,(X) corresponding in the
discretization to (g, respective q, we have the transition amplitude for the system

A

=

and corresponds in discretization to the momentum coordinates

(D
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from state ¢, at t=0 to state @ at t=T :(g@.lexp (—iﬁ t)lg,)=A (do not confuse
with the observable A)
\A|2 is the probability for the system to be in state ¢, at time t=T if at time
t=0 it was measured in state ¢, , since from state ¢, the system evolves
according to Schroedinger equation like
exo(—i At
Considering a normalization of p and g states in which

(q’la)=06(q"—q) , (qlp)= exp(ipq) and
Ig)lald"q= )

and taking 6t:% we have for tle[l St,(/+1)5t], if we consider that

R 2
A=,
2m

V(q) the following relations :

(qelexp(—i Ht) A(q)(t))lg,)= (ljllqu’ (qelexp(—iHot)Iqy_,) Gy

exp(—H ot1qy_,)|..(qp.lexp(—iH 6t)A(G)(0)lq,)...(q,lexp(~iH 5t)iq,)
(q,.lexp(=i((p*/2m)+V (q))6t)IA(q)(0)iq,)=

{2d ;5 exp(—i ot ((p*/2m)+V () A(g))(q,..Ip){pIq,)=

M2

—im . .
> 2ot A(q))exp((im(q.,—q,)"/26t)—iV(q,)6t) and so
<CIF|6XP(—IHT) (@)(t)lg,)=
_im \MN2[N- ,
—r|  |11dax|expliot( Z (mi2)((a;.,—q))/6t)")-V(a,) Alg,)=
T k=1 =0

@)
CfDQ(t)eXp(if((1/2)mq2—V(q))dt)A(a(tl))=

C | Dq(t)exp(iS(q))Alq(t,))
where Dq(t) stands for integration over all paths g=q(t) with
q(0)=q,, q(T)=g;

(In deriving (2) we used the Fresnel integrals :

{cos Jdx = fsm dX—2\/7 )

Therefore in the same way, for
A.=A.(®), i=T,n operatorial functions, we will have :

(gelexp(—IHT)T (A\(t, X)) AL, X)lg)= ()
CDgexp(iS(@))T (A, (g(t,,X).. A g(t,, X))

where C is a (discretization dependent) constant and D ¢ stands for integration
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over all paths @=g¢(t) with @(0)=¢, and @(T)=¢; , @(t)=¢(t,.) and if
(q)i.im=(@(an,,an,,an,,a N3))nn n.nez isadiscretization of the field,
we define :

fqu...:fﬁdqi... and also:
T (A(@(t,, X)) A (@[t X,)))=

n-1
HH j+1)

j=

g -

Al ( 60( ta(l)’ X(T(l))) An( @(to(n) ’ Xg(n)))

1 for t>0

0 for t<0

In the formula above, we take the 0 argument value of the Heaviside function to be 1
and divide the right side of the identity for every case of k times occurrence of the
same value of t; by k! .

2

o€Ssn

with 6 the Heaviside function 6(t)=

The Euler — Lagrange equations

Z vZ )
d, 8((381{@) - 85; =0 and the commutation rules [p*,§’]=i 9 ik
which commutation rules translated to the coriiguum limit become
. Cp
[74(t,%),/(t,%)]=6°(X)8,, with ?r’(:a?g{ [ lead to
P | 1 z
a) p(t,x)= alk)ex t—k X
) (p< ) (2]T)3l2f (2 a)k)l/z( ( ) p( ( )) (4&)

b*(K)exp(i(w t—k X))|d*k
for a complex boson free field theory with :
Z(0,00)=(0¢")(0¢)-m*¢" ¢, w,=Vk*+m*; a,a” and b,b"
annihilation and creation operators for the particle respective the antiparticle of the
field satisfying commutation relations :

-

[a(k),a" (k")]=[b(k),b*(k")]=8'(k—k") , [a(k),

b) @t(t,X):z<2;>3,Zj 7 1)1,2( e (k,s)a(k,s)exp(—i(w,t—K X))+

e(k,s)a* (k,s)exp(i(w t-K X))|d’k
where (& (k S)), are the polarization vectors s=1,3 for m#0 and s=1,2
form=0.Also we have [a(k,s),a"(k’,s')]=5'(k—k")d,.
For m#0 in the rest frame k=(m,0,0,0) we have £(0,5)=(0,(,.).)
By Lorentz invariance it follows that :

k" e,=0 é'(k,s)e (I< S’ )=—0.. and Zgu(lz,s)gl(lz,s):KM with (4)

o
~
]
o
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K, ,=—n,+k, Kk, /m?) if m=0
Ifm=0, for K, to be well determined by k we give to the massless bosons

a hypothetical mass and compute with tending to 0 mass value.
The b) case is the case of a gauge vector boson free field theory
The gauge bosons free field Lagrangian density is ( see Chap. Non-abelian gauge
theory ) given by :

Z((A3,0A2),,)=-7(0,A-0,A3)(0" A"~ 0" A™) -

—Eg(aﬂAi—avAZ)fabcAb“A”—

1 2 gabc gade Ab AC pAdu pev 1 2 Ad pau
—Zg " A ALATA +§MaAMA
M, are the gauge bosons masses and f ?¢ are the structure coefficients of

the gauge group Lie algebra , having normalized generators
(T?), with [T®, T )=if?"T?, tr(TaTb):l(Sab and T hermitian traceless.
2

c) For spin % fermions in a free field theory the Lagrangian density is the Dirac
Lagrangian density :
Z(yp,09)=yli y'0,—m)y with y" the gamma matrices, y=y" )’
v=(y,),—q5(t,X) Dirac spinor field.

PO | 1 . N
wa<t,x>—<2ﬂ)3,zf (Ep,m)m(zua<p,s>b<p,s>exp< ipx)

V.(p,s)d"(p,s)exp(ipx
where $=1,2 and p=(p,),=5.3=(Po> )
(i y8,—~m)y=0 and (p—m)u(p,s)=0

(40)

since by Euler — Lagrange equations , the spinor field satisfies the Dirac equations
with p=y“p,
The annihilation and creation operators for particles respective antiparticles

b,b" respective d,d” satisfy anti-commutation relations :

(b(p,s),b*(p’,s'))=[d(p,s),d"(p’,s")|=8,,6"(B—P") (4)

(b(p,s),d(p’,s')}=(b(p,s),b(p’,s")}= {d(p,S),d(p ,S')1=0 (4”)
with {A,B}=AB+B A , the anti-commutator
The normalized u and v functions are so that in the rest frame
p=(m,0,0,0),u(p,1)=(1,0,0,0),u(p,2)=(0,1,0,0),v(p,1)=(0,0,1,0)
v(p,2)=(0,0,0, 1) as column vectors and by Lorentz invariance we will have:
u(p,siu(p,s’)=dss , v(p,s)V(p,s')==d
u(p,s)v(p, )— (p,s)u(p,s’)=
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— _ p+m 399
d D.u,p,s)usp,s)= 4
an ; (p,S)Us(p,s) 2m ., (4)
. 2m .

Considering a perturbed by sources J=/(t,X) Lagrangian density
L= (qp 0 @)+ @ ,in the discretization we may have

S(g)=J
singular matrix.

1 TAq+JTq:1<qT+JTA‘1)A(q+A‘11)—1JTA*/ (5) and so

E(p,M,j<pj+j,. ¢,)d4X:%qTA g+J"q with A a symmetric real non-

)=J D gexp(i S(g))=C(Jd" qexp<(:/2>q Aq))exp(—(i/2) JTA™']).
Dlagonahzlng A and c0n51der1ng the already mentioned Fresnel integrals we obtain
" . ; B (2 I)M 1/2
[d"qexp((i/2)q" Aq)=| ———

A" corresponds to the propagator D=D(x— y) which in the continuum limit

satisfies M;;D;, (X)=6,6'(x) (6)

and we have Z(j):Z(jZO)exp((—i/Z)f jj(X)Djk(X—y)jk(y)d4xd4y)
The ground state corresponds to the state with lowest energy possible , no

perturbations in the field ( only vacuum fluctuations ) : =0 and we denote it
|0). Taking @-=¢,=|0, , according to (3) we will have:

(Olexp(—iHT)T (¢(x,)...0(x,))I0)=
C[Dgexp(i[ Z(p,09)d" x)p(x,)...0(x,)=

6!’1
. - C | Dgexpli ,0@)+ | od* x =Z(J=0
(6/j(x1)...6/j( [ Dgexpli| (g, 09)+ ] >,=o (J=0)
5" 4
. . exp((—1i/2 (x— ‘xd
(5/](X1)...(Slj(xn) P fjk kI y)jl( ) y))jzo
where —; 0 must be understood as a partial derivative with respect to
oi J(x,)

iJ(x,)d*x.

In the case of fermion fields Lagrangian density 2"=_7"(y,0 ) , because the
spinor fields are complex we have 1 and v as independent integration variables
and a perturbed Lagrangian density form by spinor sources 7 and 77 as below:

Z(yp,0y)+yYn+ny and the path integral:
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Z(n,m)=] DyDyexp(i [(Z(y,0 w)+Pn+ny)d' x) (7)

Wehave: Z(y,0y)=y9pKy ,K=ig—m
Z(p,0y)+ny+yn=(yp+nK " )K (p+K " n)-nK " n (8)

The propagator S=(ig—m)™" , S=(5.4(X)) . p=03

S =D" fermion propagator,

satisfies (ig—m)S(x)=0"(x)

. +
(22)" =xpl~ip ) pziémrzrli gd4p ®)
with €>0, 0. Using residues theorem in the integration above over po
integration variable we obtain :
iS(x)= o5 (26, 00X ) (p+m)exp(~ipx)-

—0(=x")(p—m)exp(ipx)|d’p (8

where in the above expression we take E ,=p,=V p’+m?

Considering the (4°’) anti-commutation relations we can take therefore the
(¥u(X)), « and (,(x)), , integration variables as two sets of independent
Grassmann integration variables. Grassmann numbers are defined such that if

n and & belong to the same set of Grassmann numbers then n&=—&n.

Therefore the most general function of a Grassmann number is
f=f(n)=a+bn with a , b ordinary numbers .

Since for n , & Grassmann variables we must have [ d nf(n+&)=[d nf(n

and so [ dnb&=0 forany & and we have [ d =0 for 1 Grassmann 1ntegration
variable.

Since given three Grassmann variables x, 1, E we have x(n&)=(n&)x we
conclude that the product of two Grassmann numbers must be an ordinary number
and thus the integral f nd n is an ordinary number which is taken to be equal
to a normalization constant.

Therefore, if n=(n,, ..., ) and =(7,, ..., 7,) are sets of independent
Grassmann variables and s=(s,...S,),r=(r,,...,r,) notdependon n , 7 ,

Ais a N x N matrix then we can derive

[ d ndnexp((n+s)A(n+r))=[ dndnexp(nAn)=Cdet A with C a
normalization constant. (8”")

Hence, considering (8) the relation (7) becomes

Z(n,m)=Z(n=0)exp(—i [ 7,(x)S 4 x=y)n,y)d*xd’y)

and we have therefore S(x)=/[
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and we have Z(7n=0)=Cdet(if—m) ,

o.1_2_3

with y’=iy"y"y’y’ we will have also:

det(ip—m)=exp(trin(i@—m))
trin(ig—m)=trIn(y’(ip—m)y’)=trln(—ip—m)=(1/2)4tr In(°+m°)

The factor of 4 appears because at the left member we have the trace of a 4x4 matrix.
Recall that Z(n=0)=[ D yDpexp(i [ Z (v, y)d*x)=(0lexp(—iHT)I0) (9)
( with T2 o0 understood so that we integrate over all of spacetime in (9) )
and so if E= <0|H |0) is the energy of the vacuum we will have:
iET==2un(8’+m’)+AVT==2 [ d*x(x|In(&"+m’*)|x)+ AV T =

S [dx (Z;’}f (‘;;‘)74<x|/<></<|1n(02+m2)|q><q|x>+Avr

Since in the momentum space normalization (klq)=(27)*8'(k—q)=VT
(V space volume , T time interval of the considered field domain ) we obtain
E_ 5 f d*k

(2)°

In(k*~m*+ie)+A’ where A, A’are infinite constants

4

corresponding to the multiplicative factor C ( and changing the sign under the
logarithm )

’ 4
Let%: d I§4ln(k2—m'2+i5) and we will have
27
E Yy f d? /< fdw W' —w, +ie
27\’ —w'itie

We treat the (Convergent) integral over w by integrating by parts and then by
residues theorem, obtaining;:

E —zfdkfdw 20, 207 |
27\ ' —witie o —witie
d’k ,
:.[(zﬂ)g,(_z(wk_wk))

( where we defined w,=Vk*+m*,w"2=Vk*+m")

Restoring the Planck constant through dimensional analysis we have

- 3=
E=—] cﬁ);,#g 2 %Ep with E =Vp’c*+m*c*

The infinite additive term E, is precisely the analogue of the zero point energy of the
quantum harmonic oscillator but for the Dirac field , as we see , comes with a
peculiar minus sign. For each spin and for the electron and positron separately (hence
the factor of 2) we have an energy (- 1/ 2) E, in each unit-size phase-space cell
(1/bh%) d®x d’p
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To compute a Feynman amplitude for all modulo time ordering equivalence classes
of Feynman diagrams with
(X7)=1.s outgoing legs end vertices and
(X7);1-s incoming legs end vertices and
(X;);—1 m interaction vertices, (p; );_; s outgoing momenta and

(,);—r-n incoming momenta, considering that H‘O>— 0|0>

with V; constant vacuum energy, which by measuring energy at this level can be
considered to be equal to 0, we have to compute

IR0 ([T explip 7)) [T expl-i, xe'x}) [T
whete P((x),(),(x" >>:<0|T<<rjg¢< DT a0 T 3(x)0)

and ‘amputate” the external legs ,(i.e. multiply w1th
(,1_[1( pi—m +le))(l£[l( —m’+i¢)) , the incoming and respective outgoing
particles being considered on mass shell).

Notice that the interaction vertices must not be all distinct and so we will integrate
over the set of distinct X, , /=1,m and [] @(x,) represents the product of a
I

exponential expansion coefficient and the taken interaction vertices terms from the
expression of the interaction Lagrangian density
Z (9,0 ¢)=2(@,0 @)+ interaction terms

As we derived above , for
P((x?),(x),(x")) we have a Wick contraction computation from the expression

p<<‘7">ff<x>D<x—y>/<y>d4xd4y>)

~ 5n+s+m

o )00 (x) 0 x0)

with C=Z(J=0) constant . (9)
For a Lagrangian density of fermion fields ( quarks and leptons ) interacting with
gauge boson fields we have

? ((I/Ja awa)a:( aA ) ) —a(léaﬁy”a —m 5aﬂ l/ﬁ+
+Z(g1p“ Y AIT? yf—(1/4)(8,A%—0,A%) (8" A%~ 5" A%")—

J=0

(10)
—(1/2)g(0,Al—0, A FP AP ATV~
—(1/4)g* FPPF AL AS AT ATV H(1/2) ML AL A
In the electroweak SU(2)xU(1) or in the unified electroweak+chromodynamics

SU(3)xSU(2)xU(1) theory for any g coupling we have a corresponding set of gauge
bosons and respective gauge group generators defined coefficients :

((AZ)M, (Ti [,»)aﬁ) , with u - Lorentz index
a, 3 - colour, flavour , lepton sort index
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In quantum chromodynamics SU(3) or in the grand unified SU(5) theory we have an
unique coupling constant g with the set of gauge bosons and gauge group generators.

We have following Feynman rules to compute Feynman amplitudes of fermion and
gauge boson (gluon) particle transition processes for a perturbation theory approach
(which is relevant in the case of a weak couplings like in electroweak theory or
asymptotic freedom of quantum chromodynamics):
(The considered process has qs,...,g, incoming fermions momenta, p;,...,ps outgoing
fermions momenta and ki,...,k, outgoing bosons momenta and the Feynman diagram
is with
x2,..., X2 outgoing fermions legs end vertices,
Xf yeees Xﬁ incoming fermions legs end vertices,
Xi,..., X, fermion interaction vertices,
Y.,..., Y, cubic gluon interaction vertices,
Z,,...,Z, quartic gluon interaction vertices,

Y5, ..., ¥} outgoing boson legs end vertices,
(X175 X)), internal lines).

1. For each interaction vertex write (27)*8*( > k- k)
keA keB

(where A is the set of incoming to the vertex momenta and B is the set of outgoing
from the vertex momenta)
and write the coupling: a) /g y* for X, vertices;

b)g F (o (r,—r,)+ 0 (r,—ry) + ™ (rs—r,)") wherer,,r,,r, label the
incoming to the cubic gluon interaction vertex respective a,b,C gluon momenta
(do not confuse the gluon indices a , b, c with the notations with a , b upper index for

outgoing respective incoming legs) for y, vertices.
: abc gade ue va adc gabe Ae u
Q)1 @ (FIP Lo F " = )+ FROF(af = o o)+
T S A PV T )) for z, vertices.

2. For each internal line write the propagator :

i(p+m)

a) — ——— for amass m fermion line labeled with p momentum
P —m+ie
b)
k. k., 1 : .
— N, *———|—5——5;—— foramass M boson line labeled with kK momentum.
‘ M | k"—M"+i¢

c)For massless bosons we will consider a hypothetical tending to 0 non-vanishing
mass in computations that are confronted with lattice method computations which
will be further presented. In that case, the K,k ,/M* term in the propagator
disappears in computations because the masses of the two fermions linked in the
amplitude expression to the propagator of a massless boson as the photon or the
SU(3) bosons in SU(3)xSU(2)xU(1) theory or in quantum chromodynamics are
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equal (flavour changing occurs only through the W bosons which are massive) and
we can use (4°), (8’), (4”). Otherwise we can have an additional ghost action by
Fadeev-Popov method with gauge parameter leading to a propagator
i(—n,,+(1-&)(k,k /k*))/k* where we can take the gauge parameter £=1.
For example we have in an amplitude expression the factor
iD(p)ysiD2(r)iDY () o' (p—q—r) which contains
U(p) yuu (q)(_ nﬂv+(r,urv)/M2) 54(p_ q— r):
=(=u(p)y,u(q)+((p—q).(m-m)u(p)u(q)/M*)) &' (p—q—r)
and as we can see the term containing the hypothetical mass disappears since the
involved fermions masses are equal.

3. Write U(p;,s) for outgoing fermions, u(q;,s) for incoming fermions,
write V(q;, s) for incoming antifermions, v(p;,s) for outgoing antifermions,
write gu(k js s) for outgoing or incoming bosons.

4. Multiply the written factors and multiply the result with a (-1) factor for each
closed fermion cycle.

d*k

(27)"
measure.
6. The external legs are “amputated” since according to rule 2. we write the
propagators only for internal lines. The particles are on mass shell (i.e. we have
pjz.—mZ: 0, q?—mzz 0, /<]2._M2:() where m and M take the respective values of
the corresponding particles).

S h n
The amplitude has the form (27)*'M 6'(2. p;+2. k;—2.q;) with M an
s

5.Momenta k associated with internal lines are to be integrated over with

invariant Feynman amplitude.

Since the fermion field operators anti-commute, for a set (@,)i:m of operators in
which @, ..., %, with i,<i,<...<i. anti-commute each with other and the
remaining {1,...,m\[i,...,i |2/, @ operators commute with any of the operators
in the set we define :

T (L a(x))= 3 e(@) 1T 0x% =L 9 (X)) where

5:O|{i1,...,ir} and 8(5):Sgl‘l H (G(Il)_a(lk)>

1<k<l<r

In the above definition for T we take 6(0)=1 and divide rhe right member by k!
forevery Kk times occurence of the same value of X.

Also, considering that for a fermion lines closed cycle with ( x;, ..., Xr+1) , Xi= Xr+1
interaction vertices , from
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P(x1) Y AX) plx) 9 X,) ¥ AL X,) plX,)... J’AAA(Xr) ¥(X.) ,in order to
obtain the proper r vertices fermion cycle factor of the amplitude,
tr(S(x,—x,)y'S(x,—x,)y"...5(x, ,—X,)y") we must anti-commute to
w(x)p(x,) y"...y A (x,) (forthe d* of P(x,) meetthe d of P(x,))
( The x; variables are obviously to be integrated over in the final amplitude
expression ). Thus we will have the extra (-) sign for each closed fermion cycle of the
Feynman diagram and on the cycle we must have an anti-fermion propagating
backwards in time.
To compute the total amplitude for the Feynman diagrams with the given outgoing
and incoming momenta of fermions / anti-fermions and bosons and given numbers of
fermion interaction vertices, cubic and quartic gluon interaction vertices we have to
deal with the expression of amplitude A as follows :

A=cf | < ‘(Z £( )H (Pon)) 2 lﬂ['5(/<a(,-)>T(R((X),(y),(Z)))

'h' ! o€Ss i=1 oeSh j=1

(% dolf1B* @, TTax [Ty fTa'z)

oeSsn
where cf is a coefficient from the exponential expansion carried by the interaction
terms product we consider in the Feynman diagram and R((x),(y),(Z)) has the

form :
,

( y(x)igy Aix)T ﬁllf’)(HlK(Y,))(HlK( z;)) , where

=1
Kely J=—(112)g7*(0, A0, A A™ A”y,) and
Kq(z,)=—(1/4)g° PP F27° Ay AT A A (2)).

and for normalization we have taken :

(5’5,8):(M 1/2

v, (a,b,d)

Suppressing the spin and polarization indices in U(p,s),u(q,s) and ek,s) ,
considering summation over them, we have:

A=cf [ |o[T

@expup,-x,) G(p,) v Hexp:k Vo) (= (k)

A(yDIIR((x) Hexp (~iq;x7)ula;)w(x}))o

(11)
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In (11) we have taken X?Ozy?OZT ; Xf’OZO and any space or time integration
ison [0, T] time interval and a volume V' spatial domain.

We understand also that the incoming and outgoing fermions or bosons can have
different boson sort or flavour indices which we have suppressed in the above
expression. R

The % and A operator functions in (10) are the same as given in (4c) and (4b)
because we consider in the perturbation theory approach of Feynman diagrams the
relations of type (3) with the not gauged free theory Lagrangian density from (10)
(having g = 0).
Considering type (3) and (9°) relations we will have (12):

A= dz CS.V~ 5*”*”“[( Ej/m)“zexp(ipjxj.')U(pj)in“-‘f(x7—x1,j))
iagrams
h
(H(2wkj)l eXP(iij?>(_5(kj>)iDbos(Y7_yU))

j=1
n

(L1(E

1

(] ] (internal lines propagators and couplings )))
k

[Ta )T oty Ta'z) (10’5 Hd N Ta'%)

1=1 j= j=1 j=1 j=1

o/m)"*exp(—iq,x2)iD™ (x,,—x°)u(q,))

—.

<

with €=Z(1=0,g=0) and S; a symmetry factor.
As established, we integrate over 0<X, <T=x fo in the diagrams of the (12) sum
and considering (4°”’) and (8”’) we have:
I(Epj/m)l/zeXP(ipj 7)_(13/) fer(X?_Xw)dS}?: (13)
:(Epj/m) 1/2 (pj)exp(’pjxllj)
and similar :
_[ (qu/m)llzeXP( Iq_[ ) Dfer( ZIJ_X?)u(qj)dBX?: (14)
:exp(_iquZIj) (qj)( qj) 12
and also we will have :
f(2wkj)llzeXP(iij7)(_5(kj))iDbOS(Y?_YIj)d3;’?: (15)
=(2 wkj)_llzg(kj)exp(ikjylj)
To prove (15) we integrate over k° using the residues theorem in the boson
propagator expression
— 77M,1+(kuk/1/M2)
K:*—M’+i¢
semicircle {k’=Rexp(if)}, 8€[—x,0] must be considered. The only case in
which the integral not vanishes for R-c0 is when A=u=0 and the remaining not
vanishing term is  ( with y=y7-y,;) :

d*k and for that the integral over the

IEXP(_ik(Y7_Y/j))
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do

- j’» exp(—iR eiéyo-_i:ilzj})R%os(B 0)
R =7 R*e*''—k’—~M?’+j ¢
Since cos (3 6)=cos(6)(1—2sin’())—2sin’(6)cos(6) we will have the only not
vanishing remaining term (after some calculus) :
:? exp(—iRV1—(x/R)y +ik j—x y°)
0 R2(1-2(x/R)*)+2iRxV1—(x/R*—k*~M*+j¢
+° exp(i RV1I—(x/RPy +k y—x y°)
R R2(1-2(x/R)—2iR xV1—(x/RP—Kk*~M*+i ¢
The integrands in (16) are dominated by the absolutely integrable function
exp(— X y°) for x€(0,) and so taking a cut-off for integration over kK with

. 0
k°|<R and large R we have B:—ZIWeXp(ikf/):P(yO)exp(ik)7)

R*d x +
(16)
R*d x

0

which integrated over Kk leads to P(y°)(2 z)° S(Yi-y,).
In order to have external legs for the gauge bosons , we integrate the

y and y; variables on a set ||y¢—y, |[[>¢ and so,after d3f/j7 d'y, ; integration,
the non-vanishing term left by applying the residues theorem on the boson propagator
expression disappears and we can use (15) in the computation of the amplitude.
Note that for an outgoing anti-particle with momentum

p; we must take exp (i p; x})p(x3)v(p;) instead of exp(i p; x3)u(p;) P(x)
and for an incoming antiparticle with momentum

q; we take exp(—iq;x°)v(q,) ¥(x") instead of exp(—iq;x°)y(x?)u(q,)
in the (11) expression.
The final and initial states of the considered process, which are

0lb(p,)...b(p,)&(K,)...3(k,)|=(0| and
b*(q,)..b*(q,)[o)=|
have to be normalized for computing the effective process amplitude A and the
transition probability |A[* such that (v y)=(y,y,)=1.

We can prove that if [R,3(q)]=0 then (0IR3'(q)3@"" (q)R*10)=/1(0OIRR*10) .
Using this , and the fact that a state of many fermions of the same sort vanishes if
there are two fermions with the same momentum ( this is in fact the Pauli exclusion
principle and follows from the anti-commutation relations ) it follows that we must

normalize with a factor of 1/v//! for each occurrence of /  identical bosons with

the same momentum and the corresponding transition probability will be adjusted by
a statistical factor (eliminating double counting of events)

s=11 % with /, the number of occurrences of a boson with the same
i e

momentum.



Page 14 of 43

Considering the way we calculate Feynman amplitudes (amputating external legs),
the relations (12), (13), (14), (15) and the symmetry factor that comes out to be the
same from the many ways in which we can associate a Feynman diagram to an (11)
expression we can conclude that the relation between the transition amplitude and the
total amplitude for all Feynman diagrams of a given couplings order and given
outgoing and incoming momenta of given respective fermions and respective bosons
is :

—1/2
chen 5 nE h ~
a=v e 11 o D B T,
j=1 j=1 j=1
S h n
Ar=(27)'M &' (2 p;+ 2 k;—2.q,) is the total Feynman amplitude.
1 1 1

The u(p,s), v(p,s), &(p,s) which are needed in the amplitude computation
are determined by theirs normalization values in the rest frame.

For a decay process we have n=1 and since

h 5
h s , 8 (=2 ki— 2. p)VT
(6"a, -2 k=2 p;) = - — and momentum space d°p
1 1 (2 J'[)
Ve S A
contains (2 E d’ p states, we can compute a differential decay rate T
T

h 3

H

=1 (27 Za)kj

4

dr

s md’p;
:fl} (2'7-[)3Epj

h s
‘M|254(q1_z ki_z p])
1 1

q

For a two fermion scattering process we have n=2 , vV, , V, velocities
of the incoming particles, N=1/V concentration of a incoming particle,

we compute a differential effective cross section | | ,do = (*)

(2;r)“m1m2 h d3 mad’p; | - d <

Obviously we have
(27)! ' (p—p")?=(27) 6 (p—p’) [ exp(~i(p—p) x)d* x =
=(27)'6'(p—p")V T and so taking in discretization &'(p—p’)=Cé,,
VT
0

(2 j_[)4 pp’

we obtain §*(p—p’)=
In the same way we have:

FB-B)= 1y 5 o and (127 9B PP =247 9 (=B )V
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Also, to be able to count states, we enclose our system in a box, say a cube with
length L on each side with L much larger than the characteristic size of our system,
having V = L* . With periodic boundary conditions , the allowed plane wave states

exp(i p X) carry momentum f)zzTﬂ(nl,nz,m) where N €Z.

The allowed values of momentum form a lattice of points with spacing
2 /L between points. Experimentalists measure momentum with finite resolution,

small but much larger than 2 s/L. Thus an infinitesimal volume d°p in
momentum space contains d°p/(2a/L)P=V d’p/(2x) states.

In some cases we can split a process in small distance effects, as scattering
d,,..-,q, incoming fermions momenta into kK ,...,K, outgoing bosons

momenta and P,,...,P.,q,,,---»q,,, outgoing fermions momenta,

with q,,,,...,q,,, internal fermion lines momenta which in the large distance
effects decay respective into external K, ,; boson momenta and p.,;

fermion momenta (i=1,r)

Since the D';e/)f (q,.;) Fourier transform of the fermion propagator can be

2mua(qn+/) Uﬂ<qn+i)
Qpui—M'+ic

take q,,,=Kk,,+P.,; we have the process amplitude factorization:

/qF(Cl:E:iﬁ)::/qF(cl’k}i5)Ii[ 2,71I 2

N j=1 (kh+j+ps+j) —m +ie
where G=(G))i_.5 » K=(K))i_i psr » P=(P})i=155 and
0=(Pys.ccsPe,Kpsst Pesise, KportPsy,) and Ag(@,b,c) is the Feynman
amplitude for @ incoming fermions, b outgoing bosons,C outgoing
fermions momenta and A,=(27)'M &*((Da)— (D b)—(D. c))

We notice that the amplitude has a pike when the k, ;+p,, ;=q,,; are on

mass shell and so we can describe the transition probability of the process by the
transition probability derived from the squared absolute value of the small distance
effects amplitude which corresponds to an (a,b,c)=(q,k,p)process.

written as

and in the amplitude computation we must

M(kh+j+ps+j’kh+j’ps+j)

In the case of quantum electrodynamics U(1) or electroweak SU(2)xU(1) theory, the
renormalized couplings g, in a range of momentum are relatively small and so the
higher order terms in g from the expansion of

exp (i f Z(yp,09,A,0A)d*x) can be neglected, allowing a perturbation theory
approach of the q,,...,q,,k,,....K,,p,,..., P transition process, in which we take
in consideration only the low order Feynman diagrams for the process.
In the case of quantum chromodynamics SU(3) , or unified SU(3)xSU(2)xU(1) or
grand unified SU(5) theories the renormalized couplings go to zero when the
momentum range goes to infinity and so we can have a perturbation theory approach



Page 16 of 43

only for a high momentum range (asymptotic freedom). For a lower momentum
range we must take the amplitudes defined by following relation (17):

h
A=V = [HTT(E, im) P exp(ip, XN (2o, explik;y7))

(jl_[:l(Eq,-/m)“zeXP(—iq,X?))S((Xa),(ya),(xb))

<jﬁl@ﬁ<x7>uﬁ<q,->>)o>=<f{ua<p,->><ﬁ<—eﬁ<k,>>><ﬁ (q))C/DADyDY

exp(i | Z(y,0 1/J,A,8A)Of“x)(jl_[:1 Z/Jo,(Xj"’))(jl:I1 AAV?))(EW(X?))

considering -7’ (1,0, A,0 A) as in (10) with all interaction terms within

and according to a type (3) relation C is a discretisation dependent constant.

Also we take X;=T,y;=T, Xb—O with [0, T ] the interaction process time
interval and V, the space volume for the fields interaction process.

Notice that the 7, A operators are no more defined by (4c) , (4b) relations,
because we consider all Feynman diagrams associated with the process and take
therefore all interaction terms products, which means that we consider the type (3)
relation with the whole gauged Lagrangian density from (10).

Since the high order Feynman diagrams count (due to strong couplings), we expect
that the quarks participate in interactions in groups (confinement) and so we have to
consider that hadrons (groups of quarks and antiquarks of various colour indexes
confined by gluon fields) will be forming.

The colour charge of a quark/antiquark defined by (),_;;with i colour index

Y. Dirac spinors,is defined by:

pa:@,- 5 1,0] and there are 8 colour charges, one for each (A7 ]) self-adjoint

i,j

traceless 3x3 Gell-Mann matrix of the SU(3) colour gauge group generators:

010 0 —i 0 1 0 0 00 1
A=[1 0 of,A=[i 0o o|,A=l0 -1 of,A'=|l0 0 o],
00 0 0 0 0 0 0 0 10 0
0 0 —j 000 0 0 0 (100
A’=l0 0 0,/16:001,&7:00—i,)L8:E01 0 |
i 0 0 010 0 i 0 00 -2
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The p° observables with (@lp°|y)=(1/2)A;(@|y;) are hermitean but not
commute, so we choose a maximal subset of commuting colour charge operators
which is

{(1/2) A,,(1/2) A,} ,to define a colour charge observable: p’é,+p°€,

For a=3,8 ,if y.=) y" with y" the complex conjugate of ¥ , corresponds to
T 2+

the antiparticle to 1 we have: v, ,-)L}aj Y=Y Y Yy ),, | Y 1,0] — 1 )L}aj Y;
because

227=27 for a=3,8.
Therefore the antiquarks carry the opposite colour charges to the quarks colour
charges.
The forming hadrons must be colour charge singlets and so they can be the tensorial
products of wave functions as mesons ( quark- antiquark pairs ) :

3
Y (t, X, %,)=2. 715 Y. (t,x,)w;(t, x,) or as three quark/antiquark baryons:

i=1

1
wB(t:Xl’XZ’X?,)ZZﬁeijk l/fi(t:xl)%(t:xz) P (t,X5)

Peplt, X1, X5, X5) =2 % €ijk vt x,) I/ch(t’xz) Yer (B, X,)
In the amplitude expressions they appear as
2. Y, ¥ Y=y}, vector meson,
DU Y=y, scalar meson,
(2 ik YiaWipWk y):( y5"”) baryon,
(2 Eijk@ia@jﬁ@ky):(wgﬁy) antibaryon

. . ~3 ~8
The common eigenvectors (colour eigenstates) of p” , o are

1 0 0
Y=0@yY=Tey; y,=|1[®@y=g®y ; y,=|0|®=b®y with y a Dirac
0 0 1
spinor function ,having colour Charges respectively
Qr 2\/— ssqg 2\/_ ssqb TS'

We have q,+q ot g,=0. The mesons and baryons have neutral colour charge.

The mesons are integer spin particles (0 — scalar, 1 — vector ) and the baryons are
half integer spin particles.

. 1 . .
For example the proton is ), 7g Gt U?uPd® with a,b, ¢ colour indices

U up-quark, d down-quark, where two of the quarks u°, u®,d° carry opposite
secondary spin quantum numbers (if the u®, u’ , d° are spin eigenvectors). The proton
is a spin % particle. The same way spin %2 combination udd gives the other nucleon,
known as the neutron.
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For a three quark baryon for example, with 3/, 97,1’ respective the three quark
operator functions, the process with p,, p,, p, outgoing four-momenta and

d,,9,,q, incoming four-momenta, having p,=q,,i=1,3 on mass shell will have
an amplitude defined by the following relation (18):

APy, P., P5)= f v HEXP<’p/(X/ X/)) Ilal(pl) jI/)’I(pI)( l/ml))
Ei1i2i3€j1j2j3<0|l/)i1al<xl)wIZ(xZ(XZ)l/)ISaB(XB)wjlﬁl(xl)l—/)jZ/ﬂ(XZ)@j3ﬁ3(xg)|0>
Hd:a—»a

where we use Einstein summatlon convention for i/, j/,al,pl indices

and take X?O:T,X?OZO s p?:Epl:wﬁlz.Fm?

il, jl are colour indices from 1 to 3 and «a/, ! are Dirac indices from 0 to 3

-

Therefore, a energy eigenstate wave function v,;= y,5(X,, X,, X,) for the
baryon can be derived, taking
e =] (1/(27)exp(i P, X)) A(P,, P, b5)d*P,d° P,d°B; (19).
As we mentioned , for an antlpartlcle occurring instead of a particle in the
composition of the baryon in the . P,, P;) expression we will take
V. (p) 9. (x?) instead of U,(p) 3, (x?) and

Al
VX
V,(p)9,(x®) instead of u(p) 7(x°)
Also we have:
O (X TR T XD TH(XE) T XE) T (x2)0) =
=C [DAD yDylexp(i[ Z (y,0p,A,0A)d*x) (18)

YL (X3) YR x2) g (X3 (X2 R (X2) (X))

It follows that for making computed theoretical predictions and comparisons of
different processes , we must be able to compute (by making a suitable discretization)
path integrals of the form

[ DAD wDyexp(Z (p,09,A,0A)d*x)O(A,y, )

where O is a function operator depending on the fields A, v, 3 and can be for
example :

04,1 7)=1 | [T exolip, x ))(Hexp(lky,))(jﬁ[ pl-iap) o

s ] h
1w DT AT 70 (T R T3 ex6)
/= ]= Jj= Jj= Jj=

where « j,Bj,aj are quark/lepton/gluon sort and colour indices

and u j, v/ respective A j are Dirac and Lorentz indices.
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Consider now a hadron with momentum k =(k°,k) and the light-cone
coordinates X *=(x"+X-versk)/N2 , x =(x"—X-versk)/\2
X =X—(X-versk)versk , X;=(X-versk)versk .
The quark constituents of the hadron have momenta k; (j = 1, 2 for mesons and
j=1,2, 3 for baryons) with fractions x; and relatlons

ki=x;k* Zx—1 Zku—o 2k k; —k3,=m’ , k;,-versk =0

% +m
, Ki=—=|x k" + ”
k* k™ =M? where M is the effective mass of the hadron,
M? 1 K> +m’ -~
k°= (k+ +),k —k. +—|x k*——L2—L|versk
2 2k JL a7 2 jk

Thus we have a functional dependence Kk ;=k;(x;, k. i k ) (20).
With the constituents momenta (K ); in the place of (p;); momenta in
(18),(19) like relations, we can change the variables (k); to variables

((Xj)j 1,m- 1’(kjj_’kjj_)j 1m l’k):(%’kl_’k)
where I<Ijl—l<jL e ,ere=ao,,e: k=0 ;i,/=1,2
and m is the hadron’s number of quark constituents and so we have the hadron

momentum space wave function and the hadron energy eigenstate wave function
computable accordlng to (18) , (18’) respective (19) like relations in the form

Al(k)) i) =DA(X K K) o
Yon((X))jerm)=] B x,kl,k,()?j)jﬂ,—m)dm”?dzm‘zkld3k (21).

The distribution amplitude us defined as :
DA(X,k) fDA (%K, ,K)d*™ 2K | and taking W=[|DA(X,k)[ d™ X

we have that M |DA (X,k )| d™'X describes the probability of finding the

constituents in state of (X ),y fraction values of kK at hadron momentum K.
(The location variables in (21), X ; and the momentum fractions X; should
obviously not be mixed up!)

With the relations (20), an amplitude for a process of (pi, ..., ps) outgoing fermions
momenta, which are grouping themselves as outgoing hadrons (ki, ..., kx) having
fraction values for constituents respectively

((x7) 1m/): .m taking X;= (X)), Lmi-1 XZ(Xi)izm ;

(g1, ..., gn) incoming fermions momenta, which are grouping themselves as

incoming hadrons(k’s, ..., k’») having fraction values for constituents respectively
((X /l)/ 1Lm /) taking X’ _(X i/)/zl,m'i_l , X'=(X i)i:fm' )

(r:, ..., rs) outgoing bosons momenta , can be described as a function of the

constituents fractions and normal momentum components for the hadrons , and of the
momenta of the hadrons:



Page 20 of 43

A(q’r’p):AH()N(:EL:)N(,:EIL ,/2,/;',1’)
To compute decay rates or cross sections we need the transition probabilities |AJ*.
Integrating |AH|2 over the X,k L,N' , kK’ variables with the weight

~ = 2
m DA’ k' k")
I]: VV II‘ & i
=1 i i=1 i
W =[|DA (%, K, k) d™'%,d* ™k,

W,=[[DA" (%", k", k) d™"' % a2k

we obtam a transmon probability in terms of the momenta of the hadrons:
~ |2 ~ 127 7.,

A=A EF )

Let for i=1,m , q':(qj),:m the momenta of the quarks/antiquarks which
are constituents of the outgoing hadron with ~ four-momentum K,

il i iLl>»

, where

As we noticed we have the bijective correspondence (q'),=(q),(X:,k;,,k;) .
The number of ¢’ states (on mass shell) correspondmg to a hyper-volume

dw=d™ 'X,d*™ "k, d’k, located at (X,, K, ,K,) is

V4 ((CI/))
(27) D(%,.k,;,.k))

and therefore the number of k; states (on mass shell) corresponding to a volume

d’k; located at k; is LB W, (k,)d’k, where
(27)
D((q)))

W. (k)=
I( ’) f [)(5? ﬁ<u_’k])

with integration on [0,1] for the momentum fractions variables and a certain bounded
range of momentum for the normal momenta variables.

Thus we obtain computable differential decay rates and differential cross sections for
a hadron decay or a two hadrons scattering to a number of outgoing hadrons
processes:

mi

dW: dml 1~d2ml Zk dSk

det dml 1o dZmI 2I<

da:»

W,(k)d*k, (23
k'

where A, —|AH|2(( "_).":f
A =|Ad ((k))ir-m Kk "1,k ;) for a two hadrons scattering .
Obviously , also leptons or bosons can appear as outgoing particles. We simply
include their momenta in the outgoing momenta list and do the calculations as they

have no constituents as well and so if such a particle is listed under index j and so the
list of its constituents is void and m;= 0.

,) for a hadron decay and
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Kk are the outgoing momenta, K’; are the incoming momenta and

V,,V, are the velocities of the scattering hadrons V/,T are spatial volume
and respective time interval for the process action.
V, T are constants part of the lattice simulation we consider and the discretization and
fermion Grassmann variables normalization constants which appear as coefficients in
a lattice simulation computation are to be setup by measurements performed in one of
any known physical process from the computing of which we can extract the
coefficient and it will have the same value for any other process we further consider
for computation.

Consider now the scattering process corresponding to the Feynman diagram in fig.1

P
S — k ps
NN
it |
G P2
fig.1

q: , Q2 are the incoming fermions, p: , p» are outgoing fermions , ps is an outgoing
boson four-momentum end legs lines labels and q; + g»labels as four-momentum an
internal boson line, k labels as four-momentum an internal fermion line.

As we shown above we can factorize the fig.1 process through the decay of the k
particle to p: and ps particles obtaining for the Feynman amplitudes the relation:

’ZF:AF«qpqz):(pg)’(pp pz)):

' (24)
=A((91,0.), 6.(0,, P +D5)) ML M((p,+p,).(ps).(py))
(pi+ps) —m+ie

where ¢ stands for an empty list of bosons four-momenta.
In the mass centre frame of the incoming particles (which are supposed to be on mass
shell) we can consider

G,=(q,0,0), 4,=(—qg,0,0) and also G’=q.* , g/=q because we neglect the
incoming fermions masses.
Momentum conservation leads to

k=p+p;, 2. p;=2q, 2. P;=q,+q,=0 and we take the fractions relations:

I 1

p?: X.q , 2, x,=2 and neglecting fermion and boson masses we have also
i

|p./|=Xx,q since the particles are supposed to be on mass shell.
ﬁ i'ﬁ j

Let ————%—=cos(6, )
16, 118l g
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From the momentum conservation follows now

2(1_X1):X2X3(1_C05<023))

2(1=X,)=x, X;(1—cos(6,;))

2(1=X;3)=X, X,(1—cos(6,,))
Using Feynman rules with the convention that Greek indices are Dirac spinor indices
and Latin indices are fermion / boson designating indices , (24) becomes:

A 2rncg]2 —cC a ' 1 1 r.r
AF:—(2ﬂ)4mua(Pl+P3)7}dYaﬁVZ(Pz)P T M;
(qz)Ti d’ Uﬁ(p1+p3) Yo/jué(p1) ec€v (ps) 4(p1+p2+p3_Q1_Q2)
where r=q,+q, .
Considering the (4°) relations we have
—c’ A d’ d’ .
Vi (0,) ¥5e(G1#G,):U8 (9,)=(—m+my) Vi (g,)u; and since we have taken

r.r,
m_~m,~0 we can drop the ——= IYE term in (25) .

a
Taking A.=(27)*M &*(p,+p,+P,—q,—q,) and considering (4), (4>*)
relations, with summation over (averaged) spin polarizations, we will have

~ 4 +p.+Mm -m ,
a |M['= ]T TidTi,d,|24mitr PitPs Cy“pz gy
16q (1 X,) 2m, 2my
; qg,—m. ,f4,+mg, 3/1 UMTI” ; Ri+Mg  P+R:+M, )/V,)
2m 2rnd ((Ch"'qz) ) 2rne 2mc
vv' p3vp3v
(—n v (26)
We have
p.tm, g.+tps+m.
tr =
2me y 2mc y p3vp3v

:UZ(pl)Uz(pl)pyjy C(p1+p3> Ug<p1+p3)m35a and

us(p,)B,u‘(p,+py)=(—m+m. U (p,)u(p,+p,)~0
(since we take m,~m_~0).

p3vp3v

Therefore we can drop the term in the (26) expression for |M |
.
We can verify that
ry' y'=4aq", wy'y' y y'=a(" g —n"" n"+1'"n"") and that the
traces of a product of an odd number of gamma matrices vanish.

It follows :
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tr((7+m,) y (F+m) Yy )=4(riri+r'r—n"'r r,+4""mm,)

and so for BM:tr( 2m.. Y om, y" | we obtain
2
& (1— 20| for 7,7%0,1
B,,= < 27
g 0 for {A,47]=(0,1] @7)
W for A=1"€{0,1]

and also, after some calculus:
p.+m, Q+ps+m.

r Y Yy

2m, 2m

In the cross section expression we have , according to a (*) relation ,we will have a

m.m,.
2

q

factor, in the cross section expression we must keep only
—21"* q* with A,A4’=2,3 having further:

2
1= (1-x,)

e C

n''=4 (28)

Cc

partial factor and since we approximate m_~m ~0 , from the (27)

p.tpstm.  P,—My Ao i _
tr
s Y o, |2
1 2 2
:_Z_mcmd(2p21+2<2_xz)xzq ) (29)
. . . . . nqdrne
Since in the cross section expression we have also a partial factor > and
X, X,q

we approximate m, ~m,_ ~0 we must keep from the (28) factor only

—mi(l—xz)q2 and from the (29) factor, only —2(p3,+(2—X,)x,q") .

C
Thus the differential cross section is , after some calculus

do :L9 p§1+(2—X2)X2C]2
q (1_X2)X1X2X3
_f X5c0s”(6,)+(2—x,) X,
_q7 (1_X2)X1X2X3

5(26]—Q(X1+X2+X3))d43ﬁ353(dl+62—51—52—[33)

4 2 . . .
where f :|TZ T2, T d,‘ 1 5T 9 _ (in the mass centre of the incoming
8(22 V.~V

d3,51d3,52d3,53é“(q1+q2—p1—p2—p3):

sin(6,)sin(6,) x> x>q°d x,d x,d 6,d 6,d ¢,d ¢,

particles frame).
Integrating over (6, ¢,)€(0,7)x(0,27), i=1,2 and P, we obtain
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X1X§(3_X2)

do="fr 8(2g—q(x,+x,+x;))=
0 =7 HQ(l—XZ)(Z—X—l—XZ) (2g—q(x,+x,+X;))

2x5(3—x

; 2( 2) d X1 d X2

X3(1—COS(013))
where F :%f—Tn and T is the process time interval .

(the Dirac distribution factor is over the 0 component of the four momentum, which
is conjugated to time variable and we have therefore §(q'—q”)= 2T_n Oy )

The differential cross section has a pike at x,=0 and at cos(6,,)=1.

In both cases it follows x,=1 and (p,+p,)’=q*((2— Xx,)*—x5)=4g°(1—x,)=0.
Therefore, since we neglected the fermion mass, the k = p;+ps fermion can be
considered on mass shell and P, , P, are collinear.

Let us choose the x° axis close to the direction k= p,+ P, and with orientation

opposite to P, orientation, so that the light-cone frame coordinates are

x =(x*+x")N2 , x =(x"-x*)IN2 , X, =(x,,x,,0)

Then k | ~0 , k*=(p)+ps+|| Bl 2=((2- x,)g+x,q)/N2=+2q .

In the scattering experiments, 2 q is very large (it is the energy at which the particles

collide in the mass centre frame).
Since the k particle is on mass shell when the cross section reaches the piked

significant value, we have k ~=(k% +m2)/(2k*) .

Therefore, since k Lwﬁ , m.~0 and k" is very large, kK~ must be very small

and so k’=(k " —k ~)/V/2 is also very large.
The k particle on mass shell propagates from the g;+q. boson decay location
0 to the location X where decays into the p, fermion and the p, boson and

because k , ~0 we can assume X ;, ~0

s mc 4 . . . 0
We have k= N the propagation time is T =X
1-v

and Lorentz invariance leads to kK x=m_T {1—Vv?. Also because VT =X

and k°=—L we obtain K*x*~k’x" , k*x ~k X"
V1-v?

Hence kx=k* X +k x"—k, X, ~2k*x ~2k x"*.

Because k* is very large and k~ is very small (obviously as an absolute value)

it follows that X~(0,0, X 3) must be very large as an absolute value.
The scattering cross section goes to infinity when

pg%O ( X;=0 ) and so we can call the fig.1 diagram not infrared safe.
Since X’ is very large, the decay of the k emergent particle into a p; fermion and a
ps boson occurs at a large distance from the g;,q. fermions scattering point and
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therefore we can reduce a scattering process through factorization, as exposed, to the
small distance effects ( in the fig.1 case the scattering to k and p, fermions on mass
shell ) which will be infrared safe.

Consider now a quark-antiquark meson. The constituents quark and antiquark
constantly change colour due to strong interaction such that when a colour
o quark is at location r, an anticolour « antiquark is at location r, with

a€(r,gb}. For the quark-gluon-antiquark interaction within the meson, the gluon
fields change much faster than the quark and antiquark fields an so we can consider a
potential energy of the quark-antiquark pair whichis V/(F)=E(r) where

— —

r=rF,—F,, r=|[f|| and E(r) is the energy of the gluons intermediating the quark-
antiquark interaction.
During the gluon fields interaction time T, while the quark and antiquark are
respectively  at location I, and ', we have a quark colour charge current

24 (t, x)=gy“ Taﬂ v,y y,(t,X) and an antiquark colour charge current

S, X)=—g ¢ T2/ P ' e (t,X) , where we have a minus sign since the
quark and antiquark carry opposite colour charges and the notations correspond to :

T? :%)La , the 1 is one of the three colour charge eigenvectors

(1,0,0) , (0,1,0) , (0,0,1) and y.=)"y" noticing that ¥, y' Y= ¥ y" v

with v; a Dirac spinor.
Considering the location of the quark and antiquark during the faster changing gluon
fields intermediated interaction we can take

(v, ¥ u)=(6’(X=F,),0,0,0) and (v, ¥ y,),=(8"(X~1),0,0,0)
Not considering the cubic and quartic gluon interactions the gluon fields Lagrangian
density is :

Z (A% Aa)a)=—%(8uAi—8vAZ)(8“A"V—a”Aaﬂ)%MgA;Aau( 2y J21) A2

We have :
Z(J)=exp(—iE(r)T)=Z(J=0)exp(=(i/2) | J7(x)D*(x=y) JP(y)d*xd"y)

B _ 1 exp(—ik(x—y)) v kuk
where D'“V<X_y)_f_(2”)4 K M+ic i d*k is the gluon
propagator.
EXCluding the vacuum energy (that is excluding Z (J = 0)) we can take

=1 [HURD =y ) Sy b 20D -y Ry )

+11Da(x—y)fz(y))d“x d'y=[d'k[dx"dy exp(=ik*(x"~y")) (30)
—1+K**IM i - ’ 1—exp(ikF)| 27

25— _(1—exp(k7))=T-9 SXP d*k
kK*—Mi+ie aa(Zﬂ)4( exp(k 7)) (2x) ] k*+M:?
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where S,,,=0 for a(3,8] , S,,=7 , S,s=15 for a€lrg) , 5,,=0 , Syy=
and in (30) we take the summation over a index.

Taking M,=M,=0 we have:

2 kT7) 7
E(r)=E,——9 [ &RUKT) ysg
( ) 0 3 (2 3 f k2
f%d k = ZthfeXp (ik rcos(0))sin(6)d 6d k=4 f I<(
0
We integrate over a range of momentum K :||E || for which k r <1 so that we
have quark confinement ( the SU(3) chromodynamics coupling is strong at low

energy ).

Let ||k||<a. Hence with @ar <1 we will have:
2

E(r)=E,— 9 4Jrfrirsin(7:)dtN

)dk

3(27)°
92 ar
~E,— 1-L2|d r=E,— —+Br
0 GJIF{( 6T =509 61
9283

where B= and we take V (F)=Br?® the potential energy of the quark-

108 7°
antiquark system.

The wave function of the meson, y(t,7,,F,)=exp(—iHt)yy(F,,7)

taking m as the effective mass of the meson, satisfies the time-independent
Schroedinger equation :

EWM(Fsz) _ﬁvf F, Z/JM(rl’r2>+V(F) I/JM(rprz) (31)

where E is the energy level of the meson.

Searching for wM(Fl,Fz):%XE‘MF(X) , G(x)=F(bx), x=||F,—F,

mBb° mbE 3
+ +
4 4X 16 x°

We choose b such that mBb’=1 and take x :meE , M:% and so

G(x)=0 (32)

2
te equation (31) becomes Z G(X)+ —
X

the (32) equation for G is the Whittaker function equation
d’G N

G=0 (33).

The equation (33) , with parameters
K , u has a fundamental system of solutions Mw , W

K,u
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1 1
l+u 1 & §+‘u_K §+‘u_K+p_1)
M Z)=z> —=Z)|1 ’
w( ) exp| 5 ) +p§1 p!(2u+1)...(2 u+p)
W (2)=—LC20 g TRE
y 1 o 1 o
(5—u=x) (5+u=x)

1

For x M—%+n neN" we have that M, (z)= Zzexp(—%Z)P(Z) where P

is a polynomial of degree n—1.

Therefore, for energy levels E, , E,=(4n—1) \/g , NEIN” the energy

eigenstates are polynomial defined by the relations :

ooy 1
l/JMn(rl’rZ):EX 3/4Mzm,1/4(X/b):
b —1)...(n=p) o[ X
_ X 34
m exp (— 1+IDZ1 p'l 3. (2p+1)2 b (34)
1 = —> _
==, x=|F,—F) , b=(mB)""?

Since a wave function w,,,(F,,F,) is computable for the meson in a lattice
simulation (as in (19) for the baryon example) equating this function with the (34)
relation function we should be able to determine the constants B, b , g°a’in the range
of momentum given by a.

Consider now a three quark baryon consisting of three quarks with masses
m;, m> , ms and having different colours at a time.
As above, in this case we will have three colour charge currents

(t,x)=g ‘5“12 xzﬁarﬁa?’( ).,

jglu(t’)?):g6ga_ki:ﬂégﬁéa()?_f>2) 6u0

3t X)= gébazi‘zﬂé 6 (X—ry)é

u0

where ', r,,F, are the position vectors of the three quarks during the faster
changing gluon fields intermediated interaction in which we must consider all
possible permutation of colour index values over the 1, 2, 3 positions in the
interaction time interval of length T.

For d,=||F,—r}| , d,=|F,—F,|| , d,=||F,—r,|| , the potential energy of the three
quark systemis V/(F,,r,,F,)=E(d,,d,,d,) and satisfies:



ET=E, T+Zf(fl )D*(x—y) J3(y )+ J3(x)D° (x—y) Joly)+
+JA(x)D?(x~y) J2(y)|d*xd*y

where in the sum over a we consider an average over all permutations of the colour

index values over the 1, 2, 3 positions.

Following steps as in the calculation for the meson case it follows that we can take
2 43

3
V(r,r,r,)=B>. di with B:2916a - for ad, <1, a the range of momentum.
i=1 b

The energy eigenstates of the baryon system satisfy the time independent
Schroedinger equation :

3
EwB<F1’F2’F3):V(F1:F2’F3)WB(FPF ) Z_—Vz wB(F g F3)

=1

(x,

I

which for x,=d? , i=1,3 , y,(F,,F,,F,)= X,) becomes:
2Ty OV éw 0

E X, +X,+X,)B 3

Y=xoex,r )w+2ml : : ax+ax

where the sum is taken over all circular permutations of (1, 2, 3).
We have solutions in the form y( X, Xx,, X,)=y,(X,)y,(X,) y,(X,) ,

E=E,+E+E, with E,y,(x)=——(2y" (x) x+31;(x))+B y;(x) x

(35)

where i _1 + 1 with circular permutations over (1, 2, 3)

ml m 2 m 3
In the same way as for the meson wave function we obtain polynomial defined
solutions

()= expl - 2145 (1 p = Lln=p) o
" m; 2b; p=1 p'1-3..-(2p+1) " | b,
with b,=(2/,B)"">  for partial energy level E,n:(4n—1)1/%.

The corresponding energy levels areE ., ,=E,,,*E,,,+E,,,with eigenstates

defined by 9., ,,.4( X1, X0, X3)= 0, (X)), (X,) w.(X;) , €N, i=1,3 .
So we have the (lowest level) eigenstate ys and with (19) we can recover the hadron
momentum space wave function, needed in distribution amplitude calculations, by
a Fourier transform.
As we mentioned we must be able to compute path integrals having the form
[DADyDyexp(i [ Z(yp,0y,A,0A)d* x)O(y,) (36)

where O( 1, %) can have for example the expression:

oy, )(waﬁiwwawmm

ai,yj colour and fermion sort indices and 7,6 j Dirac spinor indices.
Since the Lagrangian density 7" has a expression like in (10) , the path integral
over D yD 1 , where 1, 1 can be considered independent sets of Grassmann
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variables, can be computed as a sum of Wick contraction terms, as shown for the (9”)
relation (with #,7 variables conjugated to i respective 3 on the sides of the
propagator, which is D (x-y) in the (9’) relation ) and so for the (36) integral not
vanish ,we must haves = n.
To compute (36) we perform first a Wick rotation to imaginary time t-it=t; and
formulate the theory on a hyper-cubic lattice in 4-dimensional (Wick rotated
Minkowski space-time (t,X)=(t.,X) ) Euclidean space-time, A=

((n.@)puez  ueos » W(t,X)=0if [t|>T orexists k&(1,2,3] such that X4>L.
As the lattice spacing a goes to 0, we expect to recover 4-dimensional rotational
invariance and (by Wick rotation) Lorentz invariance.
The relativistic relation

E*/c*—p*=m*c® with E energy, 0 momentum, /M rest mass becomes by Wick
rotation to imaginary time:

E”lc”— /6’ =m’c” with c’'=—ic.

—j 0 0
For i=1,c=1and E’ Ialt,pk 7

we will have —8%/0t;—0,0,=m".
Therefore the corresponding Dirac equation for the Wick rotated space-time must be

ot
theory is

(y 0 4k y 0,—im|y=0 and the Euclidean Lagrangian for a free fermion

_0_
6t

occurs in the theory path integral formalism, becomes in the Wick rotated space-time
exp(i [ Zc(w,0yp)ditd’X)=exp(—Sg(y,)) where

Sc(y,y fw(lya—(at“+y’<ak+m pdtd’x=[y(y,0,+m)ypdtd’x isthe

4y, 8,+m|y and so exp(i | < (vy,0y)d" x) which

euclidean action.

On each link, say the one going from X€&€A toone of its nearest neighbours
X+aue A where ‘a:(éa‘u)a:m we associate an N by N unitary simple matrix,

parallel transporter U, (x)€SU(N) with N the number of colour x flavour/

lepton sort indices:
X+aji

U x)=exp(—i [ > gA T d x")
x 9
the T°are NN hermitian traceless matrices, (AZ)b are real gauge boson fields

which we can normalize such that tr(T¢ Tb):l S, , trT°=0.

the (Tb)b are the generators of the gauge group representation. For each g

coupling we have a set (A%, T°), of gauge bosons and generators .
. b b
We have U,(x)=1-i), ag AS(x)T"+0(a’)
g9
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Obviously we used Einstein summation convention for the b index.
Considering the form of the euclidean free fermion theory in a fermions interacting
gauged theory we will take a discretized euclidean fermion action

Selw,y)=a" 2 p(x)(p+m)y(x)

XEA
where y=(vy"), , y" Dirac spinor, m=diag(m,), , a colour x flavour/lepton

sort index , m_, mass of the o fermion |,
P=y.(0,~1 X gA:x)T")
g

(where obviously we used the discretization of the 0, operator )

auf(x):f(x+a;;)—f(x) .

We have also the gluon fields discretized euclidean action Ss(U) we must establish.
Consider the square P(x), known as a plaquette, bounded b the corners
X, X+au, x+ap+av, x+av with xXeA.

For each plaquette P(x) we consider the expression:
P..(x)=U,x)U (x+ap)U; (x+av)U; (x) .

=U,
Since [T°, T]=i f*°T? , tr(TbTC):%ébC , trT°=0 we have :
twP,,=trexp(—ia’Y, F.,T°+0(a%))

g
where F7,=g(8,Av—0,A%)+g > “ ALA?
Under a gauge transformation (X )2 Q(x)y(x), Q(x)eSU(N) ,
the U, fields transform like U ,(x)2Q(x)U,(x)Q"(x+a i)
We take the lattice plaquette gauge invariant euclidean action
S(P)=2. 2, (119" ) Ru(I-P,,)=(1/4) 2 (a*/g") R uw(F,F.)+O(a’)
The latticéJ euclidean gluon fields discretizefl action will be:

Sc[Ul=2 (S(P)(X)+a4Z;)MiA52(X)) , where

XEA

M, is the mass of the b boson and A, (x)=(2/(ga))t(i(U,(x)-1)T") .

U x)w(x+ap)-U; (x)yp(x-ad)
2a
and under a gauge transformation y(x)->Q(x)y(x) it will folow

Viw(x)»Q(x)V,y(x)+0(a) .

Further we will take Vi y(x)=

We have also :

v;w(x)zw

: au I/J(X)+ UM(X)_U+(X)
=(6#—i§9AZ(X)T") y(x)+O(a)

2a
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Taking S [U](y,9)=a" X 9(x)(y,Vi+m)y(x) it follows that in the a0

XEA
continuum limit, S;[U] is gauge invariant and equal to the lattice euclidean

fermion action.
Therefore, the (36) path integral can be computed by Wick rotation as

[ DAD yDpexp(— [ Zp(w, 0y, A,0A)dtd’X)O(y,9)= 37)
= D Aexp(=S4[U]) [ D wD Fexp (=S [U](w, 7)) O, 7)

We can write —S.[U](vy,y)=yD,[U]y where D, [U] is a matrix acting
on the (y(x)),., space.

Since v , ¥ can be considered as independent sets of Grassmann variables, with
(8), (8’”) relations, we have:

Z(n.m)=] D yDyexp(=Se[U](w,p)+ny+yn)=
=Cdet(D,[U])exp(—7D,, [U]n)  with C anormalization, discretization
dependent constant and so we can compute:

| DyDexp(—S U]y, )0y, 9)=

=Cdet(D,,[U])— o exp(—T?D;i[U]n) = 37
(ITaw5i(x) Hm, n=n=0

=C(0),[U]|det(D,, [U])
If,as in (18") the O(, ) requires integration over (X,); , (X’;); we can
include that in the (O).[U] factor.
Therefore the calculation of (36), (37) integral reduces to computation of
Cf D[U](O)f[U]exp(—Ss[U])|det(D,, [U]) where f D[U]... means
integration over the
(A2(X))xen.p . Variables, with C a normalization , discretization ~dependent
constant.

For the free theory, (U, (x)=I) the V, operator becomes J, ,

&F (x)= f(x+ap)—f(x—ap)
2a

_SF[U](W’@):_J‘@(yu&ft'l'm)wdélx

The Fourier transform on the momentum space of —(y,0,+m)y is

and so

7 v and the propagator D,, satisfies

i
_(g J/HSln(apu)"'m
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~(y,8;+m)Dy, (x)=6"(x) and so on the momentum space we have
iay,sin(ap,)-m

F D, (p)=
w(p) m’+a “(sin’(ap,)— Zsm (ap,))

The momentum space propagator has apoleat p’=—m’ when a0 but has more
poles, known as doublers , when sin’*(ap,)— Z sin*(ap;)=m*a’

Doublers can interact with each other via loop correctlons and in computations we
remove them by perturbing slightly the yMVZ+m operator, taking

SelUl(y, )=—yDy[U]y=a" X @(wz+m—§vz* Vilw

XEA

Monte-Carlo sampling method

Let P:[0,L]" >R, with P continuous and fP(X)dMX:W<oo
Then we have a probability on [0,L]" given by

I3(A):£ %X)d’wx for any measurable set in [0, L]"

M
For n=(n,).€(0,...,g—1}" we denote C H [n,L/q,(n+1)L/q]
i=1

and take a sample (X, )c_;s , X,€[0,L]" , S=¢""" such that:
card (k=1,5|x,€C,}=|SP(C,)]
We consider also the measures on [0 L] defined by:
1 ifx eA
« Z €

Al=
gk( ) 0 else S e
Then for any Borel set A of [0, L] with P(0A)=0 we can show that ( * ):
lim us(A)=P(A) and so for any continuous F:[0,L]"=R we have
g-> oo

[F(x)P(x)d" x=W [ FdP(x)=lim W [ Fd us(x) hrn§ZFX,<

gq-o gq->o

Now we demonstrate ( * ):

By compactness of A=AUQJ A , measure definition and density of rational
fractions, for large enough g€N we find (nj); , njelo,..,qg—1"
nj#nl for j#I such that ‘P(UCM)—P(A)‘<€ ,

j
q"_1

"B(U an)_MS(U an) <
J J
’us (UC,;)—us (A)’< ¢ with arbitrary positive ¢ and the result follows.
J
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In a lattice simulation we do the space-time integrations on a bounded hypercube of
time interval length T and space volume V so that we can consider that A is a finite
set of lattice points. We can use Monte-Carlo sampling method to compute the (37)
integral.

Let M be the dimension of the (AZ(X))XGA,b”u space,
taking A=(A.(X))yer » E[-L/2,L/12]"

M
C.=]1[n,6-L/2,(n+1)¢] for n=(n,).€{0,..,q—1}" , 6=LIq .
i=1

Then we take samples:

A¥el-L/2,L2]" , k=1,5, 5=¢"" , UX(x)=1-iY ag A¥’(x)T"
g

such that for any multi-index n we have

card [k=1,SIA%eC,]=|SP(C, )J . P is a probability on [—L/2,L/2]" space
defined by the density % exp(—Sg[U])|det(D, [U])
with W= exp(—S[U])|det (D ]dMA

Accordmg to above con51derat10ns the (37) integral can be determined as

Chm?2<o>/: ] .

g->©

Meson and baryon masses

A scalar meson appears as a combination 1, (X,, X,)=9"(X,)y°(x,) withno
summation over the colour index @a=1,3 since at a location X the quark and
antiquark have one colour (anti-colour), taking x,=(t,X,)=(t,x) for i=1,2 .
For the scalar meson we consider an equivalent scalar field of a spin O particle having
an effective mass m , @=¢(t,X) asin (4a) and the equivalent propagator
from (0,X) to (t,X) , t>0 whichis —i{0l@(t,X)@*(0,X)I0) .(38)
Therefore , taking F (t)=1,,((t,X),(t,X)) for a given location X , the (38)
propagator must be similar to Lorentz invariant —i (F (£)F (0)) .
After some calculus, according to above established results we derive

t)= DIUJ(O)[U]exp(—Sc[U])|det (D, [UT)=K [ eXp(‘Efz*Tz”dB/?
+m

with K a t , m independent constant and

Oy, p)=(v(t, X) v (t.X))(¥7(0,X)y7(0,X))
Abaryon appears as (X, X, X2) =(42( %) 4 X,) 45X )y , @%b ~C
colour indices, taking x,=(t,X;)=(t,X) , i=1,3 at given location X .
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We consider for a spin ¥ baryon an equivalent Dirac spinor field having an effective
mass M , Pp=1(t,X) asin (4c) and the equivalent propagator trace from

(0,%) to (t,%) : —i(0lg,(t,X)y.(0,%)0) .
Thus similar to above we derive

f D[UJ{O):[U EXP(_SG[U])‘det DW[U“:Kmf exp (—Vk*+m®t)

d*k

k*+m?

with K a t,m independent constant and the Lorentz invariant
Oy, 9)=yi(t, %) yj(t, X) wi(t, X) g0, X) 95 (0,X) 75,0, X)
Focussing on the baryon case, integrating in spherical coordinates and then by parts
we obtain, after a variable changing:

C(t):4ﬂ§mTexp(—\/k2+m2t2)dk and so for G(t)=t C(t) we have
0

G(t)=47K m*P(mt) where P(Z):%Texp(—\/k2+zz) . z=mt
0

%+H(Z)

J‘ expl W)dk)”:

with

=—m

dI<

B Tuexp(—\/1+k lu) d
0 V1+k?
Variable changing to s=exp(—v1+k*/u) leads to

ofoUexp(—\/1+l<2/u)dl<:0fo exp(—7/U) /N T—1d T =
0 1

0 h
=[uVv?—1exp(—t/u)d r =[ uJu’ln*(s)-1ds
0

1
% uexp(—vV1+k*/u) ,, u’ _
{ NP dk—{mds where h=exp(—2) .

Hence after some calculus we obtain:
1 |1n (h)|1/2

H@=\ s 2m(sTm(n)™
We can verify that for S€(0,1) we have:
n(h)™ .1
(In*(s)+21In(s)In(h))"* +2[In(s)

1 0
| 1 ds=| v "exp(—1)d 7 =T'(1/2) and for z>1 also
0 0

k TUEXP(_W/U)dk)_l with Z:%
0

r s)+2In(s)ln(h))"* , | .

ds f i ds
0 [in(h)|
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(1n2(5)+21n(5)1n(h))”2< +v/2)]In
(k)" i

f In(s)|ds :f texp(— 7)d 7<oo and so by dominated convergenge for Z- o ,
0 0

5

it follows that

1 1 -1
lim H(z)=|[ (2]in(s))*d s|| [ (2n(s))"*ds| =
Zy® 0 0
=2([ s exp(=5)ds|[[ s exp(=s)ds| ‘=(1/2)r(1/2)(r(3/2))"=
0 0
Therefore lim _T))_m and so for large t we can consider that
t>w
InC(t)~InC(t+a) C(t)
= =]
. m , ma=In Clt+a) (39)

In the same way , the (39) relation results valid also for the meson case.
Notice that in the ¥, Y expressions we have supressed flavour differences between
the various y factors, so that we can have mesons made from an up-quark and a
down-antiquark for example or baryons made from two up-quarks and one down-
quark like the proton for example. Also we make the location variables

X, equal to the same X only after computing (O):[U] according to (37’) Wick

contraction relation, since otherwise, because we consider the quark fields variables
as Grassmann variables in the integration, we would have a vanishing
O( 1, %) operator value due to appearing of squared Grassmann variables in the
expression of O(1,7) . The locations of the quarks / antiquarks in a many-quark
system as a meson or a baryon can be considered to be approximatively the same
(due to quark confinement), but however not identically the same.

Consider the SU(3) quantum chromodynamics theory with two degenerate quark
flavours , the up-quark and the down-quark with equal masses m = m, = mq . The
boson masses are vanishing , M, = 0.

The lattice action depends on two free parameters:

- the quark mass m;

- the value of the strong interaction coupling g (which can be absorbed into the A
integration variable).

Then we can compute (in dependence of m) , for a lattice spacing a the masses of the
n meson (made of an up-quark and a down-antiquark) and the proton p (made of two
up-quarks and a down-quark): only the dimensionless quantities am, and am, can be
computed, according to (39).

From experiments we can determine the fraction (m,/m,)ex, and so we can tune the
quark mass m such that the lattice simulation computed (m./m,);, matches the
experimental (m,/m,)e . Then we determine the spacing a in physical units from
(amy)i and m™* |
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The continuum limit must be taken using the constant line of physics m, , m,<< a
while keeping (my/m,)i. constant.

With relations (39) we are able to compute effective masses of mesons , baryons and
even atomic nuclei which are made of nucleons which are protons (two up- and one
down- quark) and neutrons (two down- and one up- quark ) and can be considered as
a system of many quarks hold together by the strong interaction. The most part of
their particles masses are then given by the gluon intermediated interaction energy.
The strong interaction, intermediated by the SU(3) gluons (in the unified
SU(3)xSU(2)xU(1) theory) has a positive contribution to the nucleon binding energy
in an atomic nucleus while the weak and electromagnetic interaction , intermediated
by the SU(2)xU(1) gluons which for positive electric charged protons turns out to be
a repelling (Coulombian) force has a negative contribution to the nucleon binding
energy. Thus for large (heavy) atomic nuclei the negative binding energy (as an
absolute value) can exceed the positive binding energy, because the weak and
electromagnetic interaction becomes more significant as the dimension of the nucleus
increases. Therefore the fusion of two light nuclei to another light nucleus happens
with energy emission and the fission of a heavy atomic nucleus happens also with an
emission of energy. The energy gain per fission event AE can be computed as

AE = Amc? ,where Am is the difference between the sum of effective masses of the
outgoing from the fission particles (atomic nuclei and other hadrons) and the sum of
incoming in the fission interaction particles (atomic nucleus to be fissioned and the
fission event producing particle which can be for example a neutron ) effective
masses.

To allow transitions between different flavours of quarks for decays like

+

B*=bu -» t'+v, (40)

where the notations are:

b — for the bottom-quark , u — for the up-quark,

W for the combination of W'+ i W? first two weak SU(2) bosons,

1" - for the tau-antimuon, v, - for the tau-neutrino,

B" - for the b — meson in which a bottom-antiquark and an up-quark are confined by
the strong interaction,

we add to the SU(3)xSU(2)xU(1) theory Lagrangian density, weak interaction terms
like
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5
gy (’_Ty) W y'“, with b,u flavours, a colour index and

W, v to the

- - I1-y
y'=iy’y'y’ y’ or equivalently we add —ig y’“ Yu Zy

euclidean Lagrangian density.
Obviously in the lattice simulation we have

W;=(2il(ag))t(U,—1)(T'+iT?) where 2T" and 2T correspond to the

o, respective ¢, Pauli matrices , from the generators of SU(2) and g is the weak
coupling constant.
Since it is a weak coupling we can have a perturbative approach and for the decay
transition (40) we have to compute expressions for an operator

7w (x

O(w,w,U)=f(z/f,-’(X1) Wi (x)(=ig) ¥ (x) y,
()R (y ) (v, d* x
and with x.=(T,X,), y.=(0,y¥.), s=1,2 we take for i, j,k,/=0,3:

Aj;f'(xl,xz,yl,y2 fD (O )¢l ]eXP( |dEtD U]| (41)
On the other hand, in the electroweak interaction theory, inter-flavour transitions can
be allowed by considering mixed down-type weak interaction partners (d’, s’, b’) to
the (u, c, t) up-type quarks given by unitary Cabibo-Kobayashi-Maskawa matrix

Vg Ve Vi d’ d
Vewn=|Vy V.. V| with |s |=Vm|s
th Vts th b, b

‘V,j‘z is the transition probability from a flavour j quark to a flavour i quark
so that the significant changed part of the electroweak Lagrangian density will be

_ =y Nv-10@ = B -y |
Zy=9(U c t)Yu(T Vew| s\ W, +g(d 5 b)Viwy 2 )|¢ W,
b t

5
(The ! 2;)/ appearing since only the left-handed fields participate in the weak

interaction.
An equivalent to A ,at in the modified electroweak theory according to - is

) ’_
AIkI<X1,X2,y1sy2 ubj< y

0/(x,) 31, 7'y y ( .

V(y)

d4yd4yr:

W Wy 0 S [ i il
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=C VoS (D" (X Y)Y (1= )D (Y =x,)), Dy =y )
(D(y,~y )y (1= ¥')D 'y ~y.))a|d'yd'y’
where C is a constant.
Corresponding to the A"™ we have the momentum dependent amplitude:

B(p.q.s,h)=[exp(ipx,)u;(p)(E ,/m.)"*expligx,)vi(q)(E,/m)"
exp(—isy,)Vg(s)(E,/m,)"*exp(—ihy,)u}(h)(E,/m,)'"
AN (R, %y, § V2| 05, d' X, A,
After some calculations, considering (42) and (13), (14) type relations we can derive:

_ * mvmrmbmu 2 =b A 5 u
BW(paq:S3h)_CVub EquEsEh (V (S)y (l y)u (h))
(P+q).(p+q), 1

M’ (p+q)—M’
where C is a constant which can depend on the interaction time interval T and the

interaction space volume, since we consider momentum conservation and incoming
and outgoing momenta on mass shell , having therefore

5

(@ (p)y'(I=y’)vi(q))

_T]u/'\._i_

and M is the W-boson mass.

p+q=s+h , 6'(p+q—s—h)= VT
(27)*
Notice that for a given quark or lepton and given four-momentum p on mass shell,
the u(p) , v(p) Dirac spinors are defined by their normalization values in the
rest frame , where P=0 and spin index variable 1,2 is supposed to be
understood.
Therefore we have a constant C’ depending on V, T, g and discretization and
normalization of Grassmann variables of the lattice simulation, such that
B,(p.q,s,h)=C’'B,_.(p,q,s,h) where we take p+q=s+h and (43)
the four-momenta p,q,S,h are on mass shell.
From (43) we can extract in some momentum range a value CV/,, where C

is a lattice simulation dependent constant and similarly CV, and C V. with
the same constant.

Requiring that V ,, is an unitary matrix and so |V, +|V o[ +V =1 ,

we obtain the valuesof V', , V., V , and in the same way the whole V

to multiplication with global phase factors which can be absorbed into the quark field
functions.

As we know, SU(N) requires a basis of N° — 1 hermitean traceless matrices as
generators, and so a matrix U€SU(N) requires N°—1 real parameters. Adding
one real parameter to determine the determinant of absolute value 1, we obtain that an
unitary CKM NxN matrix requires N° real parameters. 2 N — 1 of these parameters
are not physically significant because one phase factor can be absorbed into each
quark field (both of the mass eigenstates and the weak primed eigenstates of the N
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down-type flavours) but the matrix is independent of a common phase. Hence the

total number of free variables independent of the choice of the phases of basis

vectors is N°- (2N -1) = (N -1)*.

Splitting suitable chosen generators of SU(N), which are complex hermitian traceless

matrices into real and pure imaginary generators we show without difficulties that an

unitary matrix V/ can be expressed as V =exp(A+iB) where A is a real

antisymmetric matrix having all diagonal elements equal to zero and B is a real

symmetric matrix. Therefore from the (N — 1) free real variables which remained to

define the CKM matrix, N (N — 1) / 2 are rotation angles (the A matrix above) which

are the so called quark mixing angles .

The remaining (N — 1) (N — 2) /2 are imaginary phase variables which cause CP-

violation as we will show.

For N = 2 we have no complex phase factors an one quark mixing angle. For N = 3

there are three mixing angles and one CP- violating complex phase. For CP- violation

to occur we must have at least three families of quarks.

To create an imbalance of matter and antimatter, for the Universe to exist, from an

initial condition of balance, a necessary condition is the existence of CP- violation, or

equivalent, considering the CPT theorem, the existence of time reversal T- violation,

so at least three families of quarks exist in nature.

The reason why a complex phase factor in (V;;);,; causes CP- violation can be seen as

follows:

Consider any given particles (or sets of particles) a and b and their antiparticles
a and b . Now consider the processes @b and the corresponding antiparticle
processes @-b under CP transformation,denote their amplitudes M respectively
M. Before CP- violation, these terms must be the same complex number M=M.
Let M=|M|exp(i 6) . If a phase factor is introduced (from the CKM matrix),

denote it exp (i ).
M contains the conjugate matrix to M , so it picks up a phase factor exp (—i ¢).
Now we have : M=|M|exp(i8)exp(i p) , M=|M|exp(i 6)exp(—i ).

Physically measurable reaction rates are proportional to  |M |2:|M|2.

1 2
However, consider that are two different routes @ - b and @ » b , or equivalently

two unrelated intermediate states a->1-b and a-2-b and we have:
M=|M|exp(i 6,)exp(i ¢,)+|M,|exp(i 6,)exp(i ¢,)
M=|M |exp (i 0,)exp (i ¢,)+|M,|exp(i 6,) exp(—i @,) and so
|M|2_|M|2:_4|M1HM2|SH1(81_ (92)sin( ¢~ 902)'
Thus we see that a complex phase factor gives rise to processes that proceed at
different rates for particles and antiparticles and CP is violated.

There can be considered also a lepton mixing matrix or neutrino mixing matrix,
which contains information on the mismatch of quantum states of the three flavours
of neutrinos ve , v: , v, in the charged current weak interaction with the lepton
partners e , T, J . That matrix is an unitary matrix, called the
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Pontecorvo-Maki-Nakagawa-Sakata matrix, PMNS.

Random walk, mean free path and critical mass of a fissile material

A random walk is a random process that describes a path that consists of a succession
of random steps on some mathematical space.

A lattice random walk is a random walk on a regular lattice where at each step the
location jumps to another site according to some probability distribution.

In a simple symmetric random walk the location can jump only to neighbouring sites
of the lattice forming a lattice path and the probabilities of the location jumping to
each one of its immediate neighbours are the same.

Consider a tridimensional lattice A={(n;a),_;,In,€Z , i=1,3] .

To define the random walk we consider the product probability space of succession of
steps:

~ 3
S=([]{-1,1?, P=Q (® P)) with P({—l}):P({l})Z% and the independent
ieN” ieN* 1
random variables Z,,:S-(-a,a] with Z, ((X]),cn  sor3)=X
We have E(Z, )=J Z. dP=0 and we take Z,=(Z, )oey s, S,= ZZ

In order for Sna to be k,a it is necessary and sufficient that the number of +1

steps in « direction excceds the number of —1 steps taken in « direction of the n
steps defined tridimensional walk. Therefore, for the « direction, +1 step must

be taken (n+k_)/2 times from a total of n steps. The total number of n steps
considered tridimensional walks is 2*". Therefore we can derive

3
P-5'(((k,a,k,a,k,a)))= n
n<{(1 ’2’3)}) O];{ (n+k)/2
for the probability not be equal to O.
/ n
Using the Stirling formula : lim Zm‘;,('n/e)
ki, 1

n 1 2
~—<“—=Inn+ln\% forl n.
(n+k )22~ 2n 2 nn+Iny% forlarge

Therefore the asymptotic probability distribution for the defined tridimensional
random walk as the number of steps increases when the step length is constant for
each step is a function of the radius from the origin p=p(r) having

3/2 2
fp drdQ= f( —|drde

which implies n=k, (mod2)

=1 after some calculus we obtain

r’ exp| - —

r2
2n

dQ - solid angle , p(r)=

3/2
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Also we can compute :

1
S S, |dP=a) 2k
| 2na f| 2na’ Z() n+k
:izn: (n+k) 2n —(n— I<) =
22N = n+k n— l<
2n 2n -, (2n
= k -2> k
22,, Z 22k
We have:
2n 2Nn—1
k =2n
k k—1
2 (2n—-1) " 2n-1) &' 2n-1|_ & [2n-1
kgl k—1 _kZ::o k _kz k _k:zm k—1
and therefore we obtain
E (|52na‘)=%n 2N nd using the Stirling formula it follows

E(|S,,.)= \/i_ﬂ V2n forlarge n. The net distance travelled in a lattice simple

random walk is proportional to the square root of the number of steps.

The mean free path is the average distance over which a moving particle (such as an
atom, molecule , photon or neutron), travels before substantially changing its
direction or energy, typically as a result of one or more successive collisions with
other particles.

Imagine a beam o particles being shot through a target and consider an infinitesimally
thin slab of the target. The area of the slab is L* (L is the width and height of the slab)
and its volume is L*dx (dx is the thickness of the infinitesimal slab). The
concentration of the atoms in the slab is n. The typical number of stopping atoms in
the slab is then n L>dx . If [ is the mean free path, then the probability of stopping
within the distance [ must be equal to 1: ¢ (stopping within /)=

The probability that a beam particle will be stopped in the slab of thickness dx is the
net area of the stopping atoms ( which is the scattering cross section times the number
of stopping atoms in the slab ) divided by the total area of the slab:

onl’d x

¢ (stopping within dx )= . nodx .

Hence the mean free pathis /=(n o)™ where o is the scattering cross section.

Consider now a fissile material of atoms in which fission events are produced by an
existent neutron population. A neutron can scatter on atoms of the material, changing
its momentum, or produce a fission event on an atom releasing other neutrons which
can cause further fission events, leading to a chain reaction. If the effective neutron
multiplication factor k, the average number of neutrons released per fission event that
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go on to cause another fission event rather than being absorbed or leaving the
material, is equal to 1 (k = 1) the mass is critical and the chain reaction is self
sustaining.

Most interactions of neutrons with the material are scattering events, so that a given
neutron obeys a random walk until it either escapes from the medium or causes a
fission reaction. If k = 1 we can consider that we have the same neutron travelling a
random walk of ng + ny steps experiencing n; scattering events and ny fission events
and during the fission event steps the neutron travels a net distance corresponding to
a mean scattering free path I, while the total net distance travelled during both fission
event steps and scattering event steps together will be R., the radius of a spherical
critical mass.

Since the number of steps squared is proportional to the distance travelled in a

R. ) n,
random walk we have; —=+S with S=1+—2 .

[ n;

Also, if o is the neutrons on atoms scattering process effective cross section
and n is the nuclear number density of atoms we have /=(on)™" and so

Vs

R = If M is the critical mass, p is the density of the material and
o
m is the mass of one atom of the material, we will have:
4 s 3 M1 Vs m s 3
M:,O§.7'L’RC s n:ETER—z s Rczﬁﬁ CE‘L’ and generally
1:% o*M"®  where f is a factor which takes into account geometrical and
mvs

other effects. The critical mass depends inversely on the square of density.

In a theory with neutrons and atomic kernels as confined quarks, we should be able to

compute in lattice gauge simulation, according to (23) relations the differential cross

section for scattering of neutrons on atomic kernels d o and the differential cross
section for the fission event process d o; taking |V, —V ,|=|V|=Vv asthe absolute

value of the neutrons velocity by its thermodynamic average

| 13k, T
V= 2(8) = ®_ with k, Boltzmann constant
m, m,

T temperature, m, neutron mass.
Then we can determine o =[d o, o,=[do;, s=1+Z .
f
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