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Representations of the restricted Lorentz group

Consider the restricted Lorentz group G=SO " (3,1). We have the Lie group
stucture on G defined by zhe mappings: . _
R°>(8,%)>exp(6T+3K)€SO*(3,1) where J=(J,),_5 , K=(K,),_;5 are the
generators of G (see Chap. Spin representations and Chap. Rotations and restricted
Lorentz groups).

We have the commutation relations:

[T J]=€6uJi, [Ki,K;J=—€6,J, , [J,K,]=€;, K, (1) and taking

irYj

M, = ;(l] F¥K,) for I=1,3 we have [M,,,M ,]=0 and [M,,, M, |=i€, M.,

for I,k=1,3. Let X.=M_,,+iM_, ,Y.=M,,—iM,,, H.=2M_, and we have

exp( 9T+ 7K )=exp((—i O—7) M ,+(—i 9+3) M _)=
=exp(—i(6—i}%)M,)exp(—i(6+i}%)M_) because M,, and M_, commute.

For W a finite dimensional vector space, as a representation U of G (see for definition
Chap. Spin representations), we can consider the corresponding generators of the
representation:

H.,X.,Y.€GL(W)=M,,, (C) with n=dim W and we have

[S_,S.]=0 forany S_€[H_,X_,Y_| , S,€{H,,X.,,Y.| ,
Ulexp(6F+3%K))=
1. . 1., . 1. .
:eXP(_El(‘91_1X1)(X++Y+)_§l<_l‘92_)(2)(X+_Y+)_§l(‘93_l)(3)H+)'
1. . 1., . 1. .
'eXP(_El(‘91+1)(1)(X7+Y7)_§1(_192+X2)<X7_Yf)_51(93+1X3)H7)-
For (H,X,Y)e{(H.,X,,Y.)} it follows
[X,Y]=H ,[H,X]=2X,[H,Y]=-2Y and that for any eigenvector vEW of H ,
Hv=Av , AeC, v#0 we will have: HX’v=(A+2j)X’v forany jEN.
The space W being finite dimensional we take

i,=max[{i€N|X'v#0} .Let v,=X"v,v,=Y’v, and it follows
Hv;=(A+2(i,—j))v; so that taking m= max{1€IN|vi¢0} for jEIN we have:

Xvy=0, Xv,,=YXv+Hv;,Yv,=v,,, Yv,=0.

Vo, Vi, ..., Vm are linearly independent, being eigenvectors of H for distinct
eigenvalues, and by induction follows that H, X, Y satisfy
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S(V)SV for S€(H,X,Y} , V=Sp[v,,...,V,].

Since Hv,=(A+2(i,—j))v, we have tr H V:Z;)(/l+2(i0—j)):tr[X,Y] V:O.
=

Therefore A=m—-2i,€Z , ij:(m—Zj)vj , Yv,=0, Xv,=0,Yv,=v,,
for j=0 , m—1. By induction we also prove that X v;= j(m— j+1) for j=1,m

We notice that V = Sp[vy ,..., vm] is an irreducible representation space, that is, if
V'SV suchthat H(V')eV’', X(V')eV’ ,Y(V')SV’ then V'€{{0}, V].

A representation W of g=Sp[H,X,Y] is given by H,X ,YEGL(W ) with
[H,X]=2X ,[H,Y]=-2Y ,[X,Y]=H and any irreducible representation of g
isa V=Sp[v,,...,v, | type representation as presented above.

We will prove now that if W is a finite dimensional representation of g then H is
diagonalizable and following the introductory considerations we have

W=@ V, with V, irreducible representations V,=Sp|[v,,,...v,;| as above .
i=1
Indeed suppose we proved that H is diagonalizable and we have set

V.=Sp[v,... V'], W'=@ V, with V, irreducible representation for i=1,n.

i=1
If W #W ,since H is diagonalizable we choose ve W\W' , A€eC , Hv=Av.
Let V=Sp|v,,...,v, ] the irreducible representation to which v=v, belongs.
Assuming that v,eW "~ we have v 1=Z ; Y" v<0i) and applying X ' we obtain
k,i
)

vozz B Y’ v(oq) and further applying Y* we obtain Vk:z Yy st(oj
b.q 5.

n
contradicting ve W\W . Thus we can conclude W =@ V,

i=1
Let the induction over dimW assumption be: “For any representation W of g with
dimW = k < n the corresponding H generator is diagonalizable.”
Let W with dimW = n the invariant representation vector space for a representation of
g. Assuming that the corresponding H generator is not diagonalizable, from its Jordan
canonical form, we derive

W=Ww oW, ,W,=Sp[v,]—rm , (H=AI)v,=0, v,;#0 , L,EC fori=1,m
(H=AI)w;=w,;; , , j=1,m; , w;;=v, and at least one i€(1,...,m} we have m;>1
WOZSP[WU]

i=T,m
j=T,mi

Since the commutation relations lead to
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(H-AI)X=X(H—(A-2)I) , (H-AI)Y=Y(H—(A+2)I) forany A€C ,
we can derive that for W =Sp[{weW]| exists A€C such that (H—AI)’w=0]](2)
wehave HW')sW' , X(W )W’ , Y (W )W'.

If W #W , obviously dim W "<n and by induction hypothesis H is diagonalizable
on W’ which contradicts H not diagonalizable. -

Therefore we can assume that W =W and so m;<2 for i=1,m and we have
k,r,s€lN,v,,..v,€W with vj:Yjv0 ,ij:(k—Zj)vj ,Yv,=0,Xv,=0,
A’j:k_2j ’XWOZq(r—k)IZ—l > Yk+1W0:u(s+k)/2+1 s Wj:YJWO s r’Sﬁ for j=0,k

and Hq,=(r—2j)q; , Yq,=q,,, , Xq,= j(r—j+1)q, , for j=0,r and
Hu;=(s=2j)u; ,Yu;=u,,, , Xu;=j(s—j+1)u; , for j=0,s and

Yq=0,Xq,=0,Yu=0, Xu,=0,

(q,=0 for I<0 or I>r) and (u,=0 for I<0 or [>s).

(considering (2) , since H is not diagonalizable, for any I€{0,...,k| we have

wEW , A€C such that (H—AI)w=v, and the rest follows from (2) and the

Jordan canonical structure).
By induction hypothesis and commutation relations we can reduce W to
W=Sp[X'Y"H'({wg, Vo)), . ien=SP[ Aoy eee s Qs Ugseoes Ugs Vs eves Vies Wo s oo W ]
where w =Y’ w, , w,=0 for (I<0 or I>k).
We must therefore have:
YW, =W+ YV it Qe je1 0 Us—i) 124 jo1

ij:j(k_j+1)wj—1+)7jvj—1+0_[j Q(r—k)/2+j—1+Bju(s—k)/2+j—1 for j=0,k

with y,=a,=y,=4,=0, a,=f=1

y=y=a=a===0 for (I<0 or I>k).
Hence
XYWj:(j"'l)(k_j)wj"'(5/j+1+(j+1)(k_j)J’j)vj"'

+( sz+1+<(1‘—k)/2+j+1)((r+k)/2—j) aj)q(r—k)/2+j+

+(7))j+1+<(s_k)/2+j+1)(<S+k)/2_j)ﬂj)u(s—k)/2+j
YXw;=jlk—j+1)w+(jlk—j+1) y,  + y) v+
+(j(k=j+1) aj—1+&j)Q(r—k)/2+j+(j(k_j+1)/3)j—1+/;)j)u(s—k)/2+j for j=0,k
and it follows :

0=(¥ju1— 7+ (j+1)(k=j) = jlk—j*1) y;-1 =1)v;+
+ @, —a+((r=k)12+j+1)((r+k)/12—j) ;= j(k=j+1) ;1) Q) iyei* (3)
+(B=BH(s—k)12+ j+1)((s+k)/2=j) = j(k—j+1)B,_,) for j=0,k

If s=kandr =k, the (g; ); and (u;); must be respective all independent of or parallel
to the (v;); . In all of this cases we have therefore a relation
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j/j+1_)_/j+(j+1)<k—j) )/j_j(k_j"'l) Yi-1—1=0 for j=0,k (4)
If s > k or r > k and if we can take

j€(0,...,k} such that y,,,— y,+(j+1)(k—j)y;—j(k—j+1) y;_,—1#0
then for this j we have
a,,—a+((r—k)2+j+1)((r+k)/2—j)a—j(k—j+1)a,_#0 (5) or

ﬂj+1_/37j+((s_k)/2+j+1)((5+k>/2_j>/3)j_j(k_j+1)/5j—1¢0 (6)

If (5) is satisfied, applying X’*' to (3) we obtain

q(r—k)/2—1||u(s—k)/2—1 and so Sp[%’ L) qr}:Sp[uo’ L) Lls] , S=Tr, ql”ul for l:()’r

and v [|q(,—)24j » SP[ Vo, s vi]=SPqo> -, . ]=Sp [y, .., 1]

contradicting (s>k or r>k).

If (6) is satisfied, applying Y*~/*! to (3) we obtain in a similar way a contradiction
with (s>korr >k ).

Therefore (4) is satisfied and taking the summation over j we obtain k+1 = 0 which
contradicts k>0. and so we complete the proof of H . diagonalizable .

Because H. and H. commute and are diagonalizable, H. invariate any eigenspace of
H., we have that we can find Vl:Sp[v(ki)]k:m such that V,; are corresponding to
irreducible representations of g_=Sp[H _,X_,Y _] for i=1,n ,

W= V, and vEf) is an eigenvector of H, forany k=0,m, , i=1,n.

i=1
For any ve{vﬁj)}k:m:s we can take S;(v)SS , j=1,2 such that

i=1,n

X,v= > a,w with ¢,#0 forany weSs,(v) (7)

weS,(v)

Y.v= >, B,w with 8,#0 forany weS,(v) (8)

we Sz(v)
Without difficulties, because H, , X ,,Y, commute with H_,X _,Y _, considering
the minimal character of the chosen Si(v) (such that ¢, #0 for any weS,(v) and

B,#0 for any wes,(v) ), repeatedly applying X, , Y., X., Y. to change back and

forward the levels of the H operators eigenvalues , we find for any veS the values

r,p,k,I€N with I<r , k<p such that for any i=1,2 , weS,(v) we have
a(w), c(w)EW with
r+1

w=Y'a,(w)=Y_c(w), Yo" q(w)=X,a(w)=Y""c(w)=X_c(w)=0,
Y2a(w)#0, Y c(w)#0 .

Also, if S,(v)US,(v)=#8 we have d(v)eW , h,teN , h<t with
Y,Y d(v)=X,Y’ d(v)=0 for j=0,t ,v=Y"d(v), X_d(v)=Y""d(v)=0
Y d(v)#0 .

For v€S we can consider
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W (v)=|u€s| exist x,,..., x, such that for any i=1,f—1 exist a,b€(1,2] with
S,(x,)NS,(x,, )% 0 , x,=v , xf:u}
The above defined r,p,l,k depend on v and we denote
(r,p,1,k)=(r, p,1,k)(v) having (r,p,1,k)(u)=(r,p,l,k)(v) forany uew (v)
and the space R(v)=Sp[ XY, H, X“ Y2 H" (S,(u))l. 4 0 ven
uew(v), j=1,2
is a direct sum of spaces of the form
SplY’ Ya(u), X Yia(u)l g icor.sm0,=K(u)
with uew(v) , (r,1,p)=(r,L,p)(v) .
Also, if R(v)NR(v')#{0} then R(v)=R(v’) and we have
W=Sp[USR(v)]69WO where W,={ueS|S, (u)us,(u)=0} .

Thus W is a direct sum of irreducible representations of type K(u) and identical
representations.

The K(u) representations can be indexed after (r /2, p/2) : a spin r/2 representation
for the (H., X_, Y.) generators and a spin p/2 representation for the (H- , X:, Y+)
generators.



