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Spin connection. Supergravity
Rarita-Schwinger action

Consider first the d-dimensional Minkowski space-time with signature
(—,+,+,+), (npv)u’v _5—a—i= diag (-1,1,1,1) , d=2n . The gamma

matrices (y"), satisfy y*€M,. .(C), vy =20
( For d=4 in the Weyl representation

. 0 GIJ . i ~
y' =i S with (G“)u: (I ) (Gj)j:1,3) ) (Gy)p: (I’(_GJ)]:l 3)
o'=(0 1 , 0= 0 o , 0= 10 ) the Pauli matrices).
1 0 i 0 0 —1

U

We have y"* =y’y"y".

The Lagrangian density for a mass m and g charged fermion field with
(A,), gauge field is
< :—wy“(8y+iqu)Lp+m$w where =y " iy’ leading to Dirac
equation by variation upon é ¢ of the action S :f d'x <
d of o

vo(o,p) oy

y'0,y+iqA,y"y+my=0 (Dirac equation).

= 0 (Euler-Lagrange equations)

Taking ¢.= iC “Ty’y" complex conjugating the Dirac equation we
see that if C'y*' C""=—y" then . C=¢ and the conjugate field y_
satisfies the Dirac equation with opposite charge -q .

We notice that C'y*" C™"=—y* leads to

—y"'=c™"y*c"'=C""'y"C forany p and so C'=AC with A€C.
Also we must have |A|=1 since detC= detC"#0 .

For n=1 we take y’=—io' , y'=0”

For n=2 we have y0=—i01®1 ,y1202®01 ,y2:(72®02 ,y3202®03
I O
0 —I

and we take also y;=—iy'y'y’y’=

Form =2n+2,n>1 by induction we define
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y?m>: o‘3® Y?m—2) for k = m
.n_0 1 2n+1

y(znr;):Gl®12“ ’ Y(ZIZ;l:Gz@Izn s Yones— L Y Y .Y haVing
Voris=0®...0° 1

Under a Lorentz transformation A=exp(w""J,,) ( J,, Lorentz
group generators for py,v=0,d—1) the spinor ¢ transforms as

: 1 1
b S(A)y with S(A)=exp(2a”a,,) . 0,,=1ly,.]

(rising and lowering Lorentz indices with B,=n,,B" , n,,=n"" and

Einstein summation convention for repeating indices).

We take CEM,,_.(C) such that Cy""C™'=—y" and we notice that if
Y=y’ C then for y '=y,y,¥ , p#v wehave y'=y ""C and we

conclude that the spinors satisfying =y’ C form a irreducible spinor
representation of the d-dimensional restricted Lorentz group called the

Majorana representation.

For d=2 we take C=io” and for d=2n , n>2 we can take
n(n+1)

C=ey'y’...y"" " if n=1 (mod 2 ) and we have C'=(—-1) ? =C'

n(n—1)
C=ey’y’...y°"" % if n=0 (mod 2 ) and we have C'=(-1) * =C'
where e€C , |e|=1 is chosen such that C is a real matrix.
0O -1 0 O

For n=2 we take C=—iy’y’= (1) 8 8 (1) and Y=y’ C reads

O 0 -1 0
into ¢ =iy’C"¢ equivalentto Y= . so that any 4-dimensional
Majorana spinors are those of the form y' =(a,b,b",—a’)
with a,b €C .

In the general dimension case Majorana spinors are also defined by
U=y ' C , ¢y =iy’C"y which means that Ry and Iy are
eigenvectors of iy’ C" corresponding to the eigenvalue +1 and
respective —1 and so the Majorana spinors space is a 2"-dimensional
real vector space spanned by the set {Ry, I yly - Majorana spinor |
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which set also spans the entire 2" -dimensional spinor space as a complex
vector space, Ry , I3y being independent vectors, since they are
eigenvectors to different eigenvalues of the same operator that has only
+1 and and -1 eigenvalues with 2™ multiplicity.

Thus the Lagrangian density for massless Majorana spinor fields can be

taken as 32—%@)/“ aptp:—%tpT y" 0,y which is as expected real

if  is a Majorana spinor and C=—C" as it happens if d=2,4,10
and so since in those cases Cy" are symmetric matrices, anticommuting
Majorana spinors are allowed by this Lagrangian density because
integrating by parts for vanishing at infinity fields we have
fddwaCy“aul,U:—f ddxﬁut,UTCy“tp:f ddXLpTCy“auw
(anticommuting fields and symmetric matrix)
For d=10 we take C——l y1y3y5y y~ and we notice that
iC"y’=0'®0’®0'®0'®0° commutes with y,, and they are both real
matrices. So for d=10 (as for d=2) we can have Majorana-Weyl
spinors that are in a irreducible representation for which
Y=y, and y,,y =€y are simultaneously satisfied.
(where € is +1 or -1).
The Majorana-Weyl spinor space, if exists has real dimension 2™
For d=4 , ¢ and ¢, have opposite chiralities and we cannot have

Majorana-Weyl spinors. We have the irreducible representations of
Majorana spinors satisfying ¢ = _ with real dimension 2"=4 and of
Weyl spinors satisfying y. ¢y =ey with complex dimension 2" =2,
which is also a real 4 dimension.

Gravity is defined by the metric (g “v) . . that defines the Levi-Civita
connection (I, ), (, ., which plays the role of a gauge field of gravity

with respect to the general coordinates transformation invariance of the
action, having the Riemann tensor (R} ,(T')),, , . as field strenght.

vpao
Any curved space is locally flat, if we look at a scale much smaller than
the scale of the curvature. That means that locally we have the Lorentz
invariance of special relativity. So we can define the vielbein field

(e}), . with p=0,d—1 , a=0,d—1 such that

g, (x)=e(x)es(X) 11,
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In eZ( x) , p is a'curved' index , acted upon by a general coordinate

transformation so that (eZ) , is a covariant vector of general coordinate
transformations, like a gauge field and a is a newly introduced ‘flat’ index
acted upon by a local Lorentz invariance. That is around each point x we
define a small flat neighborhood called ‘tangent space’ and a is a tensor
index living in that local Minkowski space, acted upon by Lorentz
transformations. The Lorentz transformation is local, since the tangent

space on which it acts changes at each point on the curved manifold.

d(d+1)

a .
(g yv) e has components. On e , we act with another local

symmetry, not present in the metric, local Lorentz invariance, given as
el>Npe, , A=exp(1*’J,,)€SO"(d—1,1), A"’=—2""=2""(x)

U b

SO we can set @ (the Lie group dimension of SO*(d—1,1))

components of (eZ) ..« t0 zero and so in fact the vielbein has
dld—1) d(d+1) . :
d’— ( > ) = ( 5 ) independent components,the same as the metric.
On both the metric and the vielbein we have general coordinate transforms
x> x""=x"+§ x" with an infitesimal form & x"=¢&"(x).
The infinitesimal coordinate transform (Einstein transformation), acting
on the metric gives g,,2g',,=9,,+6:9,,(X)

8:9,,(x)=(¢0,)9,,+(0,¢)9,,+(0,&’)g,,
where the first term corresponds to a translation x"-» x"+&" (in special
we have a global parameter & but now we have a local £(x)that is the
local version of the global p translations in special relativity and the other
terms correspond to the tensor coefficients transformations under the
general coordinates transform.
On the vielbein, the infinitesimal Einstein transformation gives

e e, +5.e.(x) , 5.e5(x)=(80,)e;+(0,&")e; .

On the other hand , the local infinitesimal Lorentz transformation is
N=85+22, BER(x)=m, 27, 1= 1

eZ->eZ+6lLeZ(x) , 5,LeZ(x):2)\s(x)eZ(x) :

For a general covariant vector field (A, (x)), we have a local Lorentz
vector (A,(x)), such that A, =e; A, .
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We define a spin connection (a)zb(x)) u.ap derivation rule D, such that
D,(AB)=(D,A)B+A(D,B) (product rule)

D,A=0,A for A ascalar field,

D,A’=0,A"+w] A, (for A,=n, A", (A”), alocal Lorentz vector),
Duw:8“¢+%wzbaabtp with Gab:%[ya,yb] for ¢ alocal spinor,
D“szauAv—Ff,vAA for (A,), a covariant vector.

Thus DveZ=8ve2+w$be€—Féue§ :

Requiring that ej e} =6, , ebej=6) since D, (84)=0 , the product
rule leads to D, e/=3 e —w’ el+T" e’ .

For a multiindexed (AalaZ...ak)al,a2,...ak we define

14[(1102...(1k]:%dz;S E(G)Aaola(ﬂ...adk where Sk is the set of (1,2,k)

permutations and & (o) is the signature of the ¢ permutation.
Requiring that the spin connection is torsion free, thatis D, eZIZO and
. . . . _ d*(d—1
antisymmetric, that is oozb: — wza we obtain a system in the (—)
d’(d—1)
2
ab — a —_N A_1
', e,,=—0,€, for a,u,v=0,d-1. (1)
The homogeneous system in the antisymmetric spin connection

coefficients corresponding to (1) leads to
ab _ ab —N d_ 1
e,,w, e,=e,,w, e, forA,uv=0,d-1.
Hence taking Q,,,=e,, @} e,, since @) =—w’’ we have
leading to wzb: 0 and therefore (1) has an unique antisymmetric in

a, b solution which is

[ab]

p independent equations given by

b
unknowns zooz of

v

a 1 va ]- v a a ]. a _o c
(x)ub:Ee (auee_avez)-'-ie b(aveu_alle")-i-zep € b(adepc_ape"f)e“

s [ ab__ _vbrp _a__vb a
and satisfies w, =e 'T',,e,—e "0, e, ,

a__ ab_ —
D,e=0, Dn =0, D,g,,=0.
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ab _ ab ab ap _qb ap gb
Let Ruv(w)—aku —0,0, —©, 0, N,+0, ©, N,

We have
ehe,, )’ =I" —(0,e;)et and applying D, to this:

[T ) a A a a c c a \__
ea ev(aawpb_rapw)\b+wocwpb_wobwpc)_
— H popA A pH A ay _u a T
_aova+F)\ava_FpoF)\v_FVGF)\p_(apﬁaev)ea_ﬁpevéaea_
u a\y A A a\ _H A a\ _u
__rao<apev)ea+I¥o(aAev)ea+Ixo(apeA)ea
which by antisymmetrization with respect to p , o leads to

ete,,Ro.(w)=R: (T') where (R} ), . is the Riemann curvature

tensor RY =TIV TV +FCPF§0—FCGF§p.The Ricci tensor is

vpo vp,o vo,p

- Hooo__ ab . e .
R,,=—R,, ,=e,e R, and the Ricci scalar is
ba

__ _va _ p 0o
R_g Rva_eaebRua‘

The Hilbert-Einstein action S;,;= ﬁ Jd'xV—gR canbe

1

~[d’x(dete)ele;R)o(w0)  (2).
N
(with ky=v8n G a gravitational Newton constant in d dimensions).

We notice that the (2) form of the action is orientation dependent.
An orientation independent form can be obtained by multiplication

with sign (det e) since in fact —g=|det e.
For d=4 we denote everywhere ¢, ,=¢""‘

therefore written as S, (e, )=

for any

012 3
abcd
pvuo

d
and we have 2(dete)(ele;—e;e})=¢ 4,,€"" e e, andso

SEH(e,w):Sll(z fd4X€abcd€pv“Ge;egRZZ<w) (3) .

N
If fermions are involved, the action we will consider is of the form

S(e,w,y)=S,,(e,w)+S.(e,w,y) (¢ standing for fermionic fields)
where considering the derivative of the form

a,b,c,de€{0,1,2,3] the signature of the permutation

1 a
Dpl/‘,:apl/j-i-gwpb[)/a))/b]l/] we have

Sc(e,w,p)=[d'xL.(e,0,y,0y) with L, linearin o .
Also S;,(e,0)=[d'xL,,(e,w,00) with
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L., =Q;(e,0w)+P,,(e,w) where Q. islinearin dw and
P, is quadratic in w .
Now we can have a first order formalism for the theory. In the first order
formalism, all fields e, w, ¥ are independent and we have
6S= g—“z be +g—i ) w+§—l‘; éy giving Euler-Lagrange equations for

each field e, w, .
In the second order formalism we solve the Euler-Lagrange equations for

the w field, giving w=w|(e,y) corresponding to

55( (e,),e,y)=0 and then we substitute w by w(e,y) in the

dw
action expression, leading to an action expression

S (e,y)=S(w(e,y),e,y) and we will have Euler-Lagrange equations
for e and y.

We notice that, since g—i(w(e,lp),e,w)zo and

~ 0S8 oS 0w ow 0w
- == = == h
6S= Se be +6 6Lp 8666+8(8e)a(6e>+6 ow| the

Fuler-Lagrange equations for e and Y will be equivalent to

5 (w(e,y),e,y)=0 and °>(w(e,y),e,yp)=

B(Z((:?ause of the form of the Lag(:ell/;lgian density, the Euler Lagrange
equations d, "3 (aaL ) 25)20 lead to an expression
wle,y)=wl(e)+ H(T)(e ) where w(e) satisfies
a;iH(e,m(e)):dAaa(gfz>(e) and @(e,y) satisfies

" (o5 (e, y))=— 2 (e, (e 8),4).

After some calculus we obtain that for determining the spin connection

coefficients @;’(e) and @;’(e,y) we will have equations

— pH pH
6ApEn66+6an66)\_g)\£g Enep_gnsg EpeA (4) ,Where

ecp

_eﬂguaben ’ Enfp:encw €op

Aun

w

Apn
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. 2ky ., 0Quy B B
Qo= gore i35, ) ) Tor @ and
. 2ks 0L
Q. .=Q =——"—"C"(e,a,y) ford .

nab = =pab ™ date 9P

We expect Q,, to be antisymmetric in a,b and therefore W,

. . . . ab
antisymmetric in A,n . Supposing the solution w," of the (4) system
is antisymmetric in a,b and therefore we seek for E, . antisymmetric

d%d—1)mrd%d—n

2
variables (E,,,=—E,,,), .., and to show that the system (4) has an

unique antisymmetric solution we will show thatif E ., =—FE, and

pH pH —
6uAEn66+6unE66)\_gA£g Ensp_gneg Epe)\_o (5) then Enep_o .
Since the metric is a symmetric tensor, through summation over A = p in

(5) we have E ;,=0 andso (5)leadsto A, =A,,, and because E,_,

is antisymmetric in n,p with A, =g,.E, ., we obtain
AMP:_AMA:_AWM:A

Thus if Q are antlsymmetric in the Lorentz 1nd1ces we have unique

determined antisymmetric spin connection coefficients Gflb and (T)‘:,b by

in n,p the system (4) reduces to a system of

Apn

the Euler-Lagrange equations g—iZO :

In the absence of fermions we have an unique torsion free antisymmetric
spin connection and considering (3) we have

oP 1
abpq EH _ pviu( .p _lq ad q ,lp ,d
€ — =€ (wAae e, —w,,e ev)
ow, ks g g
%)
eabpqu QE};Ib — 12 pvy)\(
a(a)\@y ) kiy
The Euler-Lagrange equations

a PEH 8 QEH
ab d7\ ab
0 W, %) (8 XON )
Av
e”""(Dye}el—D,eler)=0
which are obviously satisfied by the unique torsion free antisymmetric spin
connection that is

0,6, 9Pl {qéﬂefl) :

=0 then lead to the equivalent relations
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_ab_ 1 1 1
wzbzze “(0,e,—0,e,)+=e"(0,e,—0,e )+2ep“e“b(adepc—8pegc)
The infinitesimal Einstein transformation x"-x "=x"+&"(x) gives on

b b b
 the transformation a) -)o)'“ —coz +65wz

S’ =0, "+0,¢& a)ib and the infinitesimal local Lorentz

transformation x“=x'"“=x"+§,, x" has

5 X' =N (X)X, A=exp(4°1,,) , S=S(A)=exp(;1"a,,)

: 1
with Gabzi[ya,yb] W)’ P =w!’+8,, 0] such that

D' (A, A")=0,(A",A")+0 " ATy A=A", D, A" andso

5,00 =—0,A"—w) A +w, A
We can verify that we obtain the same compatible transformation by
imposing the transformation for fermion fields

D', (Sy)=0,(Sy)+~ Lo, (Sy)=SD,y .

Following the steps above for the (4) equation with E,, =-E,, we obtain
2Er)66:W0m7 (5)

_ 1 1 _
_gs)\Ensp+g£nEA£p_gpyW)‘pq_Egp)\Woar]-i-EgpnWGG)\_Vp)\r] .

Wwith A, =g,.E,,, wehave A, =—A_ ., A, —A,=V >
=A,,+tV +V

AMP A= At Vo= ArontVane = Aoan Vet Van,=
An p+V +VMP AMP+VPM+V,MP+VMP and so
1
AMPZE(VPM_VAPU-FV’MP)

1
5 WA]GG 2Wps)\ (6) .

)\SP g gulp Alpn

In a supergravity theory we have particles up to spin 2 (graviton has spin2)
and therefore we must have a supersymmetry partner particle to the spin2
graviton which is a spin 3/2 particle, the gravitino. The gravitino can be
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representd by a field (¢ u) ,=0.4—1 wWhere i is a covariance index and for
any p=0,d—1, ¢, are anticommuting Majorana spinors.

To have an irreducible spin 3/2 representation we impose the restriction

y*y,=0 . Indeed, for d=2n=4 spacetime dimension, (¢,),

comes with 2"d real degrees of freedom, that is 2" 'd=8 complex
degrees of freedom from which the imposed restriction takes 2"=4
complex degrees of freedom, that is the gravitino has 2" 'd—2"=
2"'(d—2)=4 , the right number 2 j+1=4 complex degrees of
freedom for a spin j=3/2 field.
We notice that the transition between covariance and Lorentz indices

is A,=e, A, and so we defined y"=e;y" where y“ are the Dirac
gamma matrices.
The equation for a free massless on-shell Majorana spin 3/2 field

(p,), satisfying wu:(pZC , (C=—iy’y® for d=4) and y'y,=0is
the Rarita-Schwinger equation ( in absence of gravitation y* = y*)

VY Y’ 16, ,=0 which comes as Euler-Lagrange equation from the

Rarita-Schwinger action
SRS:éf d*x v, y[“ y’ yp] 0,y , (the i coefficient is for the action

to be real). We notice that the Rarita-Schwinger action for free Majorana
spinors has a gauge freedom ¢,y ,+0,¢ so by gauge fixing this
invariance we can have y” ¢ ,=0 as requested for the irreducibility

of the spin 3/2 representation.
The irreducibility restriction and the Rarita-Schwinger equations lead to

Ep y'y"0,y,=0 for any p and with summation over y we obtain

V,pFU
v;pyvypavl/fp:O and since y’i,=0 we have Zv:yvyvavtpvzo that is

0"y, =0 . Also for any p we have now
0=2 y'y'y o, = 2 y'y'y 0,u,= L vy Y o4, =y Yy 0,4,
pEp vEl

V#Ep
+2 7Yy o,y,=y 0,y"=0.
VF#U
Thus if the Rarita-Schwinger equation and the irreducibility restriction are

satisfied then also we have y'0,y,=0 and 0"y,=0 .
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In the general covariant with gravitation case we consider the action
i — v
S=S,,+S,s where SRS:Ef d4x(dete)lpuy[“y yp]DVLpp :

For d=4 we have i(dete)y*y"y? =€""*"y.y, since

e[cfl eﬁefl=é€“mezeabcd and Y[a YbYC]:éYSYdeade

Considering Lp::iyo c’ g, ,y" =—y’Cy"C'y® we can verify that
the supergravity action S is real and also Q,,, and fluab are real and

antisymmetric in a,b and so we have unique determined real
and antisymmetric spin connection coefficients @ , @ (at least for

d=2,4,10 for which C=—C'=-C™").
For the supergravity action (in d = 4 case)

1 vpo ¢ a 1 — vuo
S= 2 .fd4X€abcd€p ! epe(jRZG(w)-l-Efd4X¢’yY5YGDVWp€p !
o ™)

N
. ab __ ab ab a kb a
with R, ,=0,0, —0,0, +0,, 0, —®,, ©,

1
Dy, =0,,*+ o)y y 'y, ~T,,u,

we consider the variation under field variations given as

k
6(/Jp=k£Due , 6e,=i ];O(

N

vy,
Sl =—"reyy, U+ ey (y I el—y P e) where B,a,k are (8)

: 4 8

constants we will precise further and "’ =¢*““‘y_, ,

Y =ebey(D,y,—D,y,) and e=€(x) is a Majorana spinor local
infinitesimal function variation parameter. B

For A, B Majorana spinor functions we have Ay.y,B=By.y, A

pviio
dete
[d*xe’*°D,A,y,y,B,=—f d*x(8,el A, ysy,B,e"""+
+e5A,ysD,(y4B,)e""|=—[d*x[0,e5A,y;y4B, """ —
1 —

_ZApYS[Yd’YaYb]waByeZE

abcd

=0 and [d'x(dete)D,F"=0 it follows

and since D,

pvuo




=—[d*x(D,e5)A,y;y B, """ —[d*xA y;y,D,B,e”"" (9).

We have also

1
D,D,e=D,D,e=Ryi(w) y,y,€

D,D,e;—D, D, e;=R!(w)e,,
D,D,y*—D,D,y'=R}!(w)y, .

With the above relatlons after some calculus we obtain

5%;55%—2]( [d*xe”"(@,ysy,D,€)(D,e;)+
4§ [d*xe™" e, (W,ys Ry € )+

e s e e, R

4€ [d*xe™" e, (W,ys Ry, €)=

___B ey (g _
- 2k .[d Xep ' V(WpYSqu)DpeZ_

BT B rdtxe (DL, YsYo€)D,el+( ysy,D,€)D,el)

6§ZH 8k fd xeabcdepvuoeg(WpyCE:)RZ?f
and so taking a =  we have
sy it se=—o [ d'xe ey, D.0,)D ¢
Further we have
6;(?6 hea€ e Ce D (5wzb):
N
:2;2\] abcdepv“"éw“bedD e,
eabcdepv““6a)zbZKEySchva
665RS6 éfd4XGPVWdeqrezwyyrl/Jpaa)fq:

Page 12 of 30
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_Ki fd4xepv“6<wyydwp><zy5ydDng> .
ikya

55 -
52556— Jd* xe™" (ey ' w,)(W,ysyaD,y,) -

Le?(Oj)j_(I’YS’(Yd)d’(YS Ve)es(VabJacs) »
(OJ)J:(I,ys,(y )y (YVs)er (Y y?).<,) complete set of 4x4 matrices

and for any M=(M,,), ;€M ,,,(C) we have MZ%tr(MOj)Oj
and so %O j 660;;“:6 30,5 Which for anticommuting spinors x,y,¢

leads toMx(quo)z—l(MOjN(p)(wij) forany M,NeM,, ,(C).

4
oS iak vuo 1/ N

Hence —2§e=———[d"xe"" 7€' 0y5y. Dy, )(¥,0'y,)=

k

_! O(fd xe”" (ey.y,D, @ )(wuydlpa) and so taking
ak —ﬁk =—k we will have

68, 6 Sgps 6S;y 5SRS 0Spn o
6S= Se de+ 5o dw+ P dw 51!’ SY+ So 6e=0

which proves the invariance of the supergravity (7) action in the first order
formalism under the supersymmetry variations (8) witha==1, k=- ky .
In the second order formalism we still have

6S 6S _ N . .
6S= 5'%’5 Y+ 566 e+ 5@6 =0 with field variations defined by (8)
but since 6—5—0 we will have
600
~ &S 6S

— — h

6S= 51/16,# 5 &lj&p 6e 0 wit
1 Ky _ 4

(Sl/Jp:HDIJE , 6ep=l7€y l/JH (10)

proving the invariance of the supergravity action (7) in the second order
formalism under supersymmetry variations (10).

The gravitino field in the above irreducible Majorana spin 3/2
representation is at the same time the supersymmetry fermionic partner of
the graviton field represented by the vielbein and the gauge field of the
localized supersymmetry transformation.
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The supersymmetry generators are (Q, ), which are in a Majorana spinor
representation of the Lorentz group and the supersymmetry
correspondence is Q,(e})=C,zyss¥s , Q.((¢})s,)=0 with
(eﬁ)a,v the vielbein field and (°), Majorana spinor fields satysfying

y'w,=0 sothat §.el=€"Q,(e?) and considering that Q_ act on
Lorentz vector and Dirac spinor indexes a and 6 which are for the
fundamental vector and respective Majorana spinor representations on
which we have no action of the translation generator of the Poincare group
we can verify that in that representation the supersymmetry graded Lie
algebra commutation and anti-commutation relations are satisfied.
The on-shell gravitino field satisfies the equivalent motion equations

1 uvpao

a C i vpao
1€ Canea® CY W e e Cysy, 0,0+

i vpo
+oe e"'*°Cy.y,0, (e g, )+iCy"A=0 (11)

and the restriction y*y,=0  (12)

where A=2(x) is a Majorana spinor field Lagrange multiplier
parameter. The gravitino field starts with 2" d , (d = 2 n space-time
dimension) real degrees of freedom and the relations (11), (12) relate one
half of the spinor components to the other half and represent therefore
2"!(d+1) independent equations. The Lagrange multiplier field has
2" real degrees of freedom. Thus the on-shell gravitino has
2"d—2"""(d+1)-2"=2"""(d—3)=2 (ford=4)real degrees of
freedom.
In the weak gravitational field approximation we have a coordinate system
(x"), choice such that guv:n“v+thuv+O(£2)

with h,,€0(¢), h, (0)=0, h,,=h,, .
The action (in absence of fermions) is the Hilbert-Einstein action

-99"'R,,

with (R,,), , the Ricci tensor and g=det(g,,), , and is invariant at
first order under Einstein infinitesimal transforms

x> x"=x"+&(x) and we have g"'=n""—k,h*"'+0(&’) ,
h,2h',,=h,+8,&+0,E, , V—g=1+(1/2)k h'+O(€’)
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with h“vzn“An”’hM and real constants a,b,c,d such that

S=[d*x(ad,n" &"h,, +bd,h"d h'+co,h" &"h, +dd"hlo"h,,) (13)
at first order in €.

We can determine a, b, ¢, d from the condition that S is invariant under an
arbitrary Einstein infinitesimal transformation.

For S asin (13) and h:hﬁzn“' h,, integrating by parts we obtain

under § x"=&"(x) that
§S=[d*'x&((4a+2c)8*0"h,,+(4b+2d)0’0,h+(2c+2d)06,8"8"h,;)
Taking ﬁ(p):fexp(ip“x“)F(x)d4x , Ev(x):ER(eveXp(ip“x“)) ,
where (¢”),€C* and (p,),€R" are arbitrary constants, the invariance

of S under Einstein infinitesimal transformations imposes

R ((4a+2c)evpzp“ﬁ“v+(4b+2d)evpzpvﬁ+(2c+2d)evpvp“pAﬁM)ZO
with arbitrary (e”, p,,h,,), , and so taking first €” p,=0 it follows

4a+2c=0 and taking now p°=0 it follows 2c+2d=0 and finallly
4b+2d=0 . Therefore we must have

1 1% 1 v 1%
S=K[d'x S0’ aﬂh“v—iahhaAh—aAhA 0"h,,+6"ho"h,,
Turning to a general gauge transformation & x"=¢&"(x) defining
_ 1 - = 5
huv:hyv—zn“vh we have huv->h “v:hyv+6y€v+8véu—nw8 &, so
at first order we have 8"h,,>0"h,,+0¢, .
Taking ¢ such that 0&§,=—0" Euv we can have in the so called Donder

gauge that 0" h HVZ%é ,hand the action in the Donder gauge

becomes S=K | d4x(§aAh“V6Ahpv—;6Ahaxh—axh”6“huv+

2

+0"hd"h, +0"h,

1%

1
——=0,h
2 v

:%de4x

ahh“va“h“v—%amaah |

Hence in the weak gravitational field we have an action
S, =S+S with S,_=[d*xL, . so the motion equations to first

mat mat

order in the Donder gauge are K(—Dhuv+%nuvmh):%TW where
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2 62ant 4
T =— sothat 6S_=|d x
pv /_g 691” mat f

. . . —_ p
Computing the Ricci tensor R,,=—R,, ,

and the Ricci scalar R=g""R,,, in the weak field approximation we have

1
R,,=>(~0h,,+0,0;h,+0,0,h,—0,0,h})+O0(&’)

mat

6L
5 5g“v.

uv

and so in the Donder gauge we have

__1 2 _ 1 2
R V——EDth+O(€ ) s R——ED]’I+O(€ )

u
The motion equations must match the Einstein equations
1
R/JV_Eg/JV R=k3 T,, and so we conclude that we must have
and the action in the Donder gauge in absence of matter is

S= Il<2 fd4x(8Ah“V8Ahw—%8Ah8Ah) with the motion equation
N

8
for the on-shell graviton in the Donder gauge being a wave equation:

1 v
Eh ,0h,,=0
We have EZ:hZ—Z h=—h and so on-shell in the Donder gauge (1h=0
having an expansion hszZbkEXp(ik)\X)\) with k=(k,),€R*,
k

Oh,,=0 where h,,=h, —n,,

b, €C , k’=kk,=0  such that b;=0 (sinceh(0)=0 ),
(k;) j:mEZTn Z’ considering the graviton field confined in a cubic
box of edgelenght L centered at x=0 .
Therefore taking in a Donder gauge the additional Einstein transformation
§x'=&"=RY dlexp(ik,x") with aj=0, 2ik,a}+b,=0 because
k

0&"=0 we are still in a Donder gauge and in this gauge we have also

that h=0 , 0"h,,=0 and the motion equation is Ch,,=0 leading to

. A A . A . A A A
a expansion h V:%‘, a,"exp(ik,x") with k,a,'=0 , a,"=a,

Because k=0 for each k we can have frames that conserve
the a}’ coefficients in which (k,),=(1,%=1,0,0) and so A,v in

a,’ run over d—2=2 transverse to k directions and that, together
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with the tracelessness condition a;"g,,=0 , (h=0) reduces the

(d—1)(d—2)
2

A gravitational wave has two polarization directions, transverse to the

propagation direction.

The of-shell graviton field has, by gauge fixing, k, aﬁV:O( with not

d(d+1)

—1=2.

the degrees of freedom of the on-shell graviton to

necessarily k°=0) and g,,a; =0, having —d—1=5=2j+1,

the right number of degrees of freedom in a spin j=2

irreducible representation.

We notice that for d = 4, the N = 1 supergravity on-shell with only one
gravitino field of spin 3/2 and one graviton field of spin 2 represented as
the vielbein, the fermionic degrees of freedom (= 2, on-shell gravitino) are
equal to the bosonic degrees of freedom (=2 , on-shell graviton) as it
should be, considering the correspondence between bosons and fermions
in a supersymmetric theory.

A N=2 gravitino fields gauged supergravity theory has two gravitino fields

(1), , j=1,2 with y) Majorana spinors satisfying the irreducibility
restriction y* 1,[1{,20 , the graviton field as a vielbein (e‘:l)a) , and a

real covariant gauge field (A u) , with field strenght F ,=0,A,—0 A, ,
a localized symmetry parametrized by real infinitesimal 6=0(x)
defined as 6 l,Ui: —0 l,[li , 0 wize Lpi corresponding to a
w,2exp(if)y, with ¢ =y, +iy, symmetry and the gauge field

variation § A = 1 0,0 ( g areal constant), defining the covariant
g

derivatives for the gravitino fields D WU, =Dy tigAu,.
We notice that since the joined components of 'v”;lu y are all
anticommuting, the joined components of ¢, , ¥, are all

anticommuting.
For d=4 we will have the gauged supergravity action
S=S;,+Szs+S, with

1

_ 4 pvpo ¢ d pba
SEH_ 2 fd X€qpca€ epevRya(w)
N
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1 - N vio_ 1 — ~
Srs=5 d' XU ysy, D W €™ =2 R [d Xy, ysv, Dy, ,

SA:_%fd“x(dete)Fqu“.

(To make the action invariant under general coordinate transforms, even
under orientation changing we multiply the above Lagrangian density
with sign(dete) ).
In flat space-time, the motion equations for the gauge field are
0A,=0 inthe 0" A,=0 gauge, and so the gauge field has on-shell
d—2=2 polarization directions which are transverse to propagation
direction.
The gauged supergravity has supersymmetry given by supersymmetry
generators (Qi)a , j=1,2 that are in a Majorana spinor representation,

| k |
Ql(el)=i 7N C.sY5sW.’ so that the supersymmetry invariance

. . . i T
transformation has two Majorane spinor parameters €’=(¢e’°), or

equivalent one spinor parameter € =¢'+ie’=¢(x) and is defined as

5= Qhel)=i ey Y= (i ey y,)  (14)

s.y,=1De (15).

kN

We have on-shell four bosonic degrees of freedom (two from the on-shell
graviton and two from the on-shell gauge field) and four fermionic degrees
of freedom (the two on-shell gravitinos) which is consistent with the
fermion-boson supersymmetry correspondence.
Because the the invariance of the ungauged theory is already proven, to
prove the invariance of the gauged supergravity action under the (14), (15)
variations of the fields, we have to show only that

— 1 4 Vo . — .
55_2—I(Nmfd Xep 8 g(_lAuGYSYGDva-I-lwMYSYODv(Ap€)+ (16)

+iD—yeYSYGAva-I-iwaSYGAvaE):O :
For ¢, x spinors with anticommuting ¢, y,®, ¥ components we have
(i@ysyo x)==ixvsv.0 , @y x)=xv"0,

*

(@ x)’=—x ¢ and so considering (9) we obtain
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6 S=E+B with
1 . vio
:k—il%fd4x1g(¢/uy5yaavApe)ep” ,
B=— ok, SRfd xig(D,e))(§,ysy A,e)e”™ .
We have D,e!=D (@)el+d%e, (T)‘vjqeaq and so after some calculus
B=— 2k mfd Xlg(waSYdA 6) (gvAWoaa_gaAWoav)Epvpo ’
where WAM:ejenanb
. 2k —0Lg|_ 2ky
[Jab_dete awzb dete 16 (l'lu YSYd[YG’Yb:ILIUp>
lk?\l vpo d(—7 ¢
—m%abcﬁp e (W, v W) -
Therefore
VUO ikz VUO a e aK __
€P ' e}‘dgvhwaaa:_ﬁe]:eep g egeoezeeabc(wdy WB> .35 -

2
. kN pvuo d

=—ige”eve 0 e (Wsy Y )=0 because v y,=y"y,=
Considering again that y"y,=0 we derive

92<lg( Pvﬂoe)‘dga)\ oav(&pYSYdApe))):

.72
oV o iky
ER<€ (lzquSYdA e)eaeoev( 8dete

(WéY wﬁ) K eabceﬁ(saK>:

K .
:_INSR<Q(¢’VY '7”0)<l1UpYSYeAy€))
Under a gauge transformation
y,2exp(igh)y, , edexpligb)e , A,>A,—08,0 for the fields and

0 decreasing sufficiently fast to zero at infinity, § S, E, and
subsequently B are invariant: § S*6S5,=6S , E®*E,=FE , B*B,=B

and therefore B=B,=[d'xA,H"—[d"x00,H" with

Ky o
S W) (@, vsy.€))

H'=R(—
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For sufficiently fast decreasing to zero fields

A,,Wsuv,0,y, ,e,0,e we define sufficiently fast decreasing to zero
function 6 as =K d,H" with K:(f d4xAyH“)(f d4x(8yH“)2)_1.
(for the most ¢ , € we can assume 0, H " not identical zero) and we
obtain B=B,=0.

Hence the remaining expression, considering the above derivations is
5S:A=kiSR [d*xig(y,ysy.€e)e’"0,A,=[d'xA,F* where

N

1oy A vio
Fr=—%(ig0,(d,ysy,€))e™"".
N

We assume further that F” is analytical and A, F® square integrable

integrable functions on IR*. (and obviously for the above relation to
work we will suppose that A (p uYs vy, €)e”’"’ decreases faster than

|x|”** at infinity). Under a gauge transformation
y,>exp(ifg)y, , e>exp(ifgle , A,>A,—0,0 we have

0S8 S, and by gauge invariance 6§ S=46 S, .
We notice that the variation § S is invariant under a gauge
transformation with a general #€C'(IR*) only in its initial form (16),
where we have no problems with the behaviour of 6 at infinity. The
the only concern when deriving the equivalent forms of 6 S is when

we apply integration by parts, which involves behaviour of 060 at
infinity. Doing that with with regard at the infinity for 00 we will

have 5525592;1_1)1;%8%(@ ” ”fROPG(wpy5yae)epv“°nvda(x)+
N NE

=2( [ 0,0(y,ysy,e)e’ " n,da(x)+ [ A 0,(y,ysy.e)e’ " d x)+

[Ix[I=R [Ix[l<R

+2 [ 00,(y,ysy,€)e’" n,do(x)

[[x[I=R

Also by flux-divergence theorem we have
|| ||f—R 9aV(w“YSy"E)GWdG(X)_|| ||I—R 0,0(W,ysy,)e”""*n,do(x)=

= [ 0,(0(y,ysy,€)€”" n,do(x))=0 andso

[Ix[I=R
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§5=65,= lim Liﬁ(ig( [ 00,(§,ysy,€)e”" n,do(x)-

= 2ky IXI=R
_” |~|].R2Apav<waSYG ) PVHUd4X

So we look for 0 satlsfying
p

f 0F’n,do(x)=2 f d*x A, F" for arbitrary R .( n,(x)= ||XT|| ).

IxlI=R l|x|I<R
where F? ZGV(% V<Y, €) is analytical and square integrable on RR*

Consider the function

C(R)= [ (F*n,Fdo(x)=R* [ (F*(Rx)n)do(x).
lIx|=R [[x]|=1

Since F” is analytical we can find r,,e €R, with r_,,

limr, = , n€N , K,={xeR"||x||€(r,—¢,,r +¢. )],

n->o

K,NK,=8 for m#n , K=U K,

>r,

such that C(R)#0 for RER\ U (r,—¢,,r +¢,) and
[1A,F*|d*x<e . n

\I/<\7e can now define 8:R"\K>R , 6(Rx)=A(R)F"(Rx)n,(x) for
Ix][=1 , RxeR*\K , A(R):%| | A Frd*x

|x[[<R

and we have #€C”(R"\K) , f 0F’n,do(x)=2 f A Fd*x

[Ix[|=R l[x[|<R

We can now also take

0(x)=0_(x) for x€0K, and
d g (RX):LB(RX) for ||x||=1 and R€{r —¢,,r +¢,} .

4
(y) for yeR™NK we have #eC'(RR")

Then for 6(y)=
en for 0() (y) for yeK, , neN

n

§S=6S,= lim —( [ 8F’n,do(x)— [ 2A F"d*x)=0

R £ ||x]|=R [[x[[<R
Thus under some assumptions about the fields F* being analytical
function and A, , F* well behave at infinity (for example decreasing faster
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then the inverse of the squared norm in four dimensions) the gauged
supergravity action is invariant under the variations (14), (15) .
Consider now an additional field variation in the gauged supergravity
theory given as 6 ,=igy, e and then we have the corresponding

variation of the action

5S—§5Rfd xiglW,vsv,D,(y,€)—€ysy,y, Dy, )€
With w=&+® we have that @ is quadratic in ¢ and so the non-linear

in Y terms of 6 S are (after some calculus) given by

A: 16k €Y5{Yd’[YG’Yb]}¢’ )wabedepvua
(1950, 0, )€l
Because &j’e,=e,g,.e"e’"E,, %e”bW
.72
:_%ekdcl(waylwﬁ) Ve knbd—
:_%esyvpegefewﬂawayllﬂﬁ: %e[jea] Yl‘/’ﬁz

(since y"y,=0), we derive
B—ER(iWyCLp (dete)epeqer)edpqredabca)‘jb:

RS,y ¢, —Sy,y'y,))ele,d; dete=
216<¢’py wp)eaebwv dEte:lé(wpy ")U >gPMgK]ng£EAEKdete—

1 . - \% a 0 K
2215(%))/ Wp)epy Beaéaﬁg)‘ g agveE)\EKdEte_

puapB Akod

TR ,
== 1aea 00,y )€ €0 9,0 9459, By = (PHN+M)

Using again later y"y,=0 and (6) we will have
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o Ako
praf W —

2M= (wpvap)gaagﬁée € GveWier—

det e
2

puaf Akagd d a b nvey _

- (dt ) (wPY£¢’ )gaagﬁae € €dabc(('[[vyc¢l )e ele e

. k?\f _ puap nvs[(s G]_
=5 dere O WV eW,) GusGps€™ (0, W, )€™ el

2

k e Ve
=——"(dete) (" y. w") (,y )€ 5" =

=—ky(dete)§ (@ y y’") (@, v;)=
k2 i €, jK
=—*(dete)§((y”" Cy“ ) (w;Cy.w,))
p=——
2
:—N(dete)é(wpvau)epuaﬁ Kgaﬁg edabc<w Y w(ﬁ)ede;ebeéngy_
2
== (dete) 8 (g, y
ki — b pa 8 n u _dpqr U v
=——"(dete)§ (i, Yy, )e" e eqer e’ ey W,y )=
klz\l . .
:7(dete)5((W‘Scww”)w;cnw;))

ppaf Akaoé

(l,U Y l/’ )gksgaagéﬁe € W/\Ev:

det e

»‘

~,

l/’ )e edabcean“y d(w |4 L:U(S)

N=

af _Akoé —
dete (EUPY l,”) P e gaogﬁagvwaes—
:—(dete)l5(l/1py lpp>€puaﬁekvaﬁg“w)‘€5:
—2(dete)i(8(y"y",)—6(w,y"y"))W,,,=0 (since y"y,=0)
Therefore B:—i(dete)é(ZB (l,Ll‘S 1,05)+B (4’6,1#5)) y

'1

where for e=(e',€e’) , e'=(e"",e") with €’,e" anticommuting

Majorana spinors (they anticommute also with ¢ H) we define :
Ky Ky,
B,(c.c)=i M ey )it ey,

Byfc.c')=i ey "y 2 Bvery,ul).



For a square matrix (h, j),., j we have deth=exp(trlogh) and so
Sdeth=(deth)tr(h™ '8 h). In particular we have
Sdetg=(detg)g"'8g,, , Sdete=(dete)e;Se;.

k . .
For a given € we take ef(e):ef(O)H?N(Efeydlpi) and then ,

de de

“ds bds

o de de

1bdeb
2"d2

with e€R we have B,(e,e)=e!—"
e=0

dzeb d’e! g

de’ rre, dgzb_ddgz(egef,) =0

bdeb de
vde T % de

,d eb deudeb
Hder  de de

B,(e,e)=0. (18)

Y eb (17)

e=0

For any e¢€RR we have e, ——+=0 (because y"y,=0)

and therefore e, and considering (17) it follows

deAdeH A
dg d£g r’ab

1 d’g"
T
€ e=0

=0 (19)

In a similar way we have B,(€,e)=

- 1 dzg)\y Au _ d_ei\d_eg cd
2 dé Ezo_g“’ de de |
(where for the last equality we used (17) and (18))

2 a

e,
g =0 ,(19) and

e=0

2
eiifg _eC%thato—j—g(eieie?ednam ")=2B,(e,¢) and so
B,(e,€)=0  (20).
Because the €,€’,yy components all anticommute we have
BJ-(E,G'):BJ(C"e) and SO

Bj(e,e')Z%(Bj(eﬂ:’,e+€')—Bj(e,e)—Bj(e’,e'))ZO

Hence A= 0 and the additional variation of the action under
Sy ,=igy, e variation of the gravitinos is linear in .
Thus obviously § S=[ F(e,de,y,0y,e,de)d’ x with

F real and linear in ¢ and € considered as functions.
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Notice that although it is a dependence on the gauge field in F, it carries a
factor of g* and so it can be neglected.
Performing a discretization of the fields, converting all derivatives of a
field from the expression of F into linear matrix operators acting on the
respective field , having space-time dependent coefficients that are
determined by discretization parameters we reduce F to a form
F=%R Fuaﬁ(x , eZwWeB with p a covariant index and a, 8 spinor
indexes. Since F must be a scalar invariant under Lorentz
transformations, invariant under general orientation preserving coordinate
transforms and changes sign under orientation changing coordinates
transforms we conclude that it must have an expression as
F=(dete)RK(x)e,i,,Pjyss€’ , Lorentz invariance requiring that
S'PS=P forany S=S(A) and K(A x)=K(x) with A=exp(A?°J_,),
~ 1 :
SZS(A):eXp(E)\“bGab) which leads to
kN”— d
o Wy €).
The A; and A, are constants that come from the conversion of differential
operators into linear matrix operators determined by discretization
parameters. The AA; term changes sign under a parity transformation of the
Lorentz indices combined with a parity in the covariant indices and so it
must be disgarded. Also the action variation contains only terms of the
form ¢,...€’ or ¢,...e’ andso A,=—A€R .
/A cosmological constant as we will see.

§S=[d*x(dete)e’ R (A, ¢, y.y e+A,i

Since y'y,=0 restriction is imposed the variation § S vanishes
automatically as it follows from the derived (21) form.
We notice that if we not impose the restriction y”¢s, =0 , the other § S

terms containing y"y, (for the full gauged supergravity variations
~y k
6L/JH=ki(Dpe+igype) , 565271\’9% (iey’y,) ) are cubic in ¢ and so

N
if we still want invariance under the above variations for small fermionic

perturbations we must add to the gauged supergravity action a
cosmological constant term S, =[ A (dete) d* x which obviously

vanishes if y'i,=0 since §(dete)=(dete)e’§e’=0.
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The dependence of A on the discretization parameters is consistent with
the estimation of the vacuum energy density and therefore of the
cosmological constant using the Planck units as discretization parameters.
(see Vacuum energy density estimation article).

If we would consider variations
Sy,= (gy#e+D €, 56(521'%6)/(1(/1‘/ in the case of only one
ungauged gravitino field, since iy, € is no more a Majorana spinor,
if € is, we must take geR.

The restriction y"y ,=0 imposes also restrictions on € because we
must have &(y"y, ):(6)/“)1,0 ,+y' 8y, =0 and so
Ky 4
lj(ev v,)yav” +k V'Dyety—ge=0 Q1)

, Y, being anticommuting Majorana spinors.

As we proved above , the application
B:EXE>(e,,e,)?(ey"y,)(6;y,¢")ER is symmetric bilinear and
satisfies B(e,e)=0 on the space E of anticommuting (with, also)
Majorana spinors and so B=0 and therefore (€ y“y IJ) y,w'=0 for
€€E . Hence if e€E satisfies (21) then
y'D,e+4ge=0 (22).

Under a general coordinate transform x"-»x'*=x"+&"(x) the vielbein
and the spin connection coefficients transform as

A Al GEA B 4el (x
ea(x)>e(x )—"w(X)ea(X) a(x)

02 (%) 0 (x") =00 (x)—2& (x7) 0t (x)

H 2 ox'""
e(x)>e’(x")=€(x)

and under a local Lorentz transformation A=(Aj(x)), ,=exp(A*°J,,)

S(A):exp(%)\abaab) , A=—2"=2"(x)transform as

ey(x)>e’y(x)=n,.n"" Aj(x)ey(x)
@)’ (x)> 0"’ (x)=8, AL (x)n " Ay(x)+Al(x)w)! Ag(x)

e(x)>S(AJe(x)
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We can obviously at any point x,€R" choose arbitrary values for
6)\6“()(0) ) ava)\gu(xo) ) )‘ab(xo) ) ap)\ab(xo) ) auav)\ab(xo) and so

for any x,€IR* we can take £=&(x) , A=A(x) such that
e'i=85+0(e) , 8,e'3=0(¢) , ®"3’=0(¢) , 8,0";"=0(¢) ona
small neighborhood D, of x, with diam D,=¢.

If e=¢(x) satisfies (22) for w and e as spin connection respective
vielbein, then € '=¢'(x') satisfies (22) with w',e' as spin connection
and vielbein and redefining €¢',w’,e’ as €,w,e, e=€(x)

we have a Majorana spinor field e that staisfies (22) and for x,€R" ,
on the small neighborhood D, of x, we have

y'o,e+4ge=A,(x) (23)with 0,A,(x)=0(e) , A.(x)=0(¢) for
x€D, and in (23), (y"), are identical the Dirac gamma matrices (y*)
e(x) for xeD,

a

Let p=p(x)= 0 foerIR4\D£’V€:1£dX’

1 o s 1 o
ug(p)—<2n>4fe><p( ipx)o(x)d x (2n)4ggexp( ipx)e(x)d'x
(24)

with x=x—x, . Then we have
o(x)=/exp(ipx)u,(p)d'p=
= | (exp(ipX)u.(p)+exp(~ipX)u,(p))d'p , for xeD, , p=(p,),

Py>0
u,(p) is a spinor and decomposes as u,=u,+u, with u,,iu, Majorana

spinors

u, (p)=(a(p),b(p),b"(p),—a (p))

u,(p)=(ic(p),id(p),id (p),~ic’(p))

u, (=p)=(a’(p),b’(p).b"(p),—a"(p))

u, (—p)=(ic'(p),id'(p),id" (p),~ic"(p))

for pe>0.

The fact that ¢(x) is a Majorana spinor translates into
iy’C'o(x)=¢"(x) , iy’C"u(p)=u.(=p) , iy"C u.(-p)=u.p)
for p,>0 whichleadsto a=a’',b=b',c=—c',d=—d’



exp( ipx)|? T || |exp(—ipR)|? €

. b +id b —id

o(x)=[ d'p
po>0 [ b'—id _[b"+id
exp(—ipx)| ~ . .|| |exp( ipX)| ..

—da +icC a-—ic

For p=(p,,0,0,0), p,>0 we obtain

]_ - u 4
(2n)4IeXp( ipx)(y'0,p+4g9)d x=

=ipoy"u (p)+4gu,(p)=] o cexp ipX)A,[x)d"

¥

p,(b +id )+4g(a+ic)
ﬁo(a*_ic*)+4g(*b+icf) Ljexp(—ipx)Ag(x)d“x
pola+ic)+4g(b +id)| (2n)*
po(b+id)+4g(a —ic’)
and for p=(—p,,0,0,0) , p,>0 we obtain
—po(b'—id )+4g(a—ic)
—po(—a +ic )+4g(b—id)| 1
—p,(a—ic)+4g(b"—id") | (2m)*b,
—ﬁo(b—id)+4g(—a*+ic*)
leading to
8gic=2p,b’+0(e)V, , 8gid=0(e)V,,
8gid=2p,a+0(e)V, , 2p,id=0(¢e)V,
and so we proved that

uf(p):(ic<p>,—ic*(p>4p%,ic(p)4p%,—ic*<p>>+o<e>vg

fOF p:(ﬁO,O,O,O) ’ ﬁ0>0
and
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uf(p)=(—ic(—P),—ic*(—pMp%ic(—p>4%ic*(—p>)+0<e)vg

0 Do

for p:(_ﬁoyo’oxo) > ﬁ0>0
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From the (24) relation follows lim (P >: 1
20V, (27T)

arbitrary, we conclude that € has the form ¢' =(0,B,B",0)
with B=B(x).

The (23) system now becomes

0,B +0,B =i A}

0,B'+i0,B'+4giB=iA, (25)
0,B—i0,B—4igB'=—iA? (26)

0,B+3,B=i A’

From (25) and (26) follows now

E ) (-ipx)(0,B—0,B—4igB’)=

(ip*+p,)u.(p)—4igu:(p)=0(e)V,
(ip,—p,)u;(p)+4igu.(p)=0(e)V,
(p1+p2+169) ‘(p)=0(€e)V, which leads to

1
1 u,(p)
= lim
Quy B)=lm =
Since x, is arbitrary we conclude €=0 or g=0 .

Hence the (22) equation is not a suitable equation with g real non-zero for
Majorana spinors and a cosmological constant can arise naturally only in
gauged supergravity , imposing invariance of the action under the
additional supersymmetry variation

Sy ,=igy,€e , l/Jp:l/Ji+l°l/Ji , e=¢'+ie’ .
So finally we have invariance of the gauged supergravity action with

cosmological constant term under the field variations
k
d
5ev_ 2 Jy WV’

-€(x,) and since x, is

=0 .

1 : :
6L/Ju=k—(DHe+1gAye+lnge) :

N
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